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Abstract: We investigate degeneracies of BPS states of D-branes on compact Calabi-Yau 
manifolds. We develop a factorization formula for BPS indices using attractor flow trees 
associated to multicentered black hole bound states. This enables us to study background 
dependence of the BPS spectrum, to compute explicitly exact indices of various nontrivial 
D-brane systems, and to clarify the subtle relation of Donaldson-Thomas invariants to BPS 
indices of stable D6-D2-D0 states, realized in supergravity as "hole halos." We introduce 
a convergent generating function for D4 indices in the large CY volume limit, and prove it 
can be written as a modular average of its polar part, generalizing the fareytail expansion 
of the elliptic genus. We show polar states are "split" D6-anti-D6 bound states, and 
that the partition function factorizes accordingly, leading to a refined version of the OSV 
conjecture. This differs from the original conjecture in several aspects. In particular we 
obtain a nontrivial measure factor and find factorization requires a cutoff. We 

show that the main factor determining the cutoff and therefore the error is the existence of 
"swing states" — D6 states which exist at large radius but do not form stable D6-anti-D6 
bound states. We point out a likely breakdown of the OSV conjecture at small i^top (in the 
large background CY volume limit), due to the surprising phenomenon that for sufficiently 
large background Kahler moduli, a charge AT supporting single centered black holes of 
entropy ~ A^5'(r) also admits two-centered BPS black hole realizations whose entropy 
grows like when A — > oo. 
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1. Introduction 

String theory has been spectacularly successful in microscopically reproducing the entropy 
of certain classes of black holes, in particular of supersymmetric charged black holes. What 
made this possible is the fact that for these black holes, the entropy can be identified 
with the logarithm of the Witten index of the system, which is independent of the string 
coupling constant, enabling one to count states in the zero coupling limit where the D-brane 
description becomes accurate Q. Alternatively one can use the M-theory description, 
as was done in for four dimensional D4-D2-D0 BPS black holes in IIA Calabi-Yau 
compactifications. In this case the relevant weak coupling limit is the limit of large Calabi- 
Yau volume and large M-theory circle radius. 

However, until recently all these derivations were limited to cases dual to systems in 
regimes in which some form of the Cardy formula could be applied. For example the 
computation of was limited to zero D6-brane charge and large DO-charge N. The 
restriction to large followed from the use of the Cardy formula. The parallel derivation 
in the D4-D0 picture in string theory is restricted to the same large DO-charge regime. 
Thus the standard treatments are in fact valid only in a very small subset of charge space. 
In particular, in this regime none of the IIA worldsheet instanton contributions to the 
supergravity entropy are visible. 

Further significant progress on the microscopic accounting of entropy only came after 
the supergravity prediction for the entropy, based on the attractor mechanism ^J, was 
refined in 0, ^, leading in turn to the formulation of a famous conjecture by Ooguri, 
Strominger and Vafa (OSV) |l^]. The OSV conjecture predicts a far-reaching generalization 
of the correspondence between supergravity and statistical entropies, refining it to all orders 
in a 1/Q expansion, Q being some measure of the charge. One way of stating the original 
conjecture is 

n{p,q) ~ I #6-2-'^^'?'^ |^top(5top,i)|', (1.1) 

where ^l{p,q) is a suitable index of BPS states of given charge F = {p,q), defined below 
in (pT^), and -S^top (5top , *) is the topological string partition function with certain {p,(j)) 
dependent substitutions for the topological string coupling (^top and Kahler moduli t, also 
detailed below in section |1.3| . By construction, the leading saddle point approximation to 
(|l.l| ) is e^^^'^^P''^\ where S'bhw is the Bekenstein-Hawking-Wald entropy obtained from 
the standard J\f = 2 low energy two derivative action plus F-term E? corrections, governed 
by topological string amplitudes. 

A version of the conjecture counting BPS states on noncompact Calabi-Yau manifolds 
was subsequently investigated in many examples. The reason for considering noncompact 
Calabi-Yau manifolds is that much more is known about the D-brane systems they carry 
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and the counting of their BPS states. On the other hand the immediate black hole in- 
terpretation is lost, and one should be wary of drawing conclusions for the compact case 
from the noncompact case. In this paper, we will strictly limit ourselves to the compact 



case. Direct tests for this case have been more limited [11, 12, 13|, mainly because little 
is known about the behavior of various curve counting invariants at large degree in this 
compact setting. However, more recently progress was made towards model independent 



derivations of the conjecture [l^, 17, |l^, |19[. As a byproduct, these studies have opened the 
window to extensions of microscopic derivations of black hole entropy beyond the "Cardy 
regime," and in particular to give an explanation for the appearance of IIA worldsheet 
instanton corrections to the entropy. 

Nevertheless, the situation is still far from being completely understood, and several 
problems were left open in these recent studies, some explicitly, some only implicitly. 

One of the problems in the first category is the fact that there is still no general 
derivation for the case with nonzero D6-brane charge. Another one is the need to keep 
the black hole attractor point within some sufficiently small neighborhood of the infinite 
radius limit, requiring in particular the magnetic D4 charge P to lie within the Kahler cone 
(excluding in particular the so-called "small" black holes). These limitations also hold for 
the present work. 

The more subtle problems on the other hand are related to the intrinsic ambiguities 
present in ( |1.1| ), some of which were already pointed out in |10, 11, 12]. The most serious 
ones are: 

• The indices q) in fact depend on the boundary conditions of the scalar fields at 
infinity. Denoting the background by too we should, and henceforth will, denote the 
indices by VL{p,q;too)- The too dependence is due to jumps at walls of marginal sta- 
bility. On the other hand the right hand side of (|1.1| ) does not have this dependence. 
This raises the question: For which value of too is the conjecture is supposed to hold? 

• Since ^top is divergent and only makes sense as an asymptotic perturbative expansion, 
it is clear that the conjecture can at most hold approximately. However, it is not 
clear a priori what the regime of validity should be, nor what the order of the error 
is, nor even how to define properly the integral (|l.l| ). In other words, it is not clear 

■'~" means. 



• It is not clear whether there should be an additional integration measure factor in 

The first issue has been sidestepped in most studies of the OSV conjecture so far. Upon 
closer inspection though, one sees that typically an implicit choice of too is made. For 
example if one counts states in a classical geometric brane picture, one is implicitly working 
in the infinite radius limit, i.e. too = ^oo. This will also be the value of too considered in this 
paper. We should stress that this is different from working with local Calabi-Yau manifolds. 
First, we are taking a well defined limit too — > ioo of the full, compact degeneracies, 
without making truncations of degrees of freedom as one does in local models. Moreover, 
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by simultaneously tuning the IIA string coupling one could actually keep the M-theory CY 
volume Vm ~ ^iia/^ha finite in this limit. ^ 

The second issue has been largely ignored by keeping derivations formal and not wor- 
rying about issues of convergence or how to define the right hand side of ( |1.1| ) such that 
it makes sense as an integral. In [18] the need for a cutoff in 2^top and the existence of 
corrections to the OSV formula were emphasized but the analysis was not sufficiently de- 
tailed to provide a precise description of either one of those. For certain > 4 models 
1 11 , ^ , where cutoffs are not needed due to the simplicity of the topological 

string partition function, explicit exponential corrections were found. 

Finally, the need for an additional measure factor was was pointed out in [12| for small 
black holes, in [13| for and x Kci compactifications, in [^] for Af = 4 models, and 
on general theoretical grounds in |20|. On the other hand, none of the derivations |17, 18| 
detected an additional measure factor. 

Our analysis will tackle all these problems head-on for arbitrary compact (proper) 
Calabi-Yau manifolds, resulting in a refined, unambiguous version of the conjecture at 
too = ^oo, with a precise cutoff prescription for ^top- Moreover, we will in fact find a 
nontrivial extra measure factor 

/"~5t"ope-^ (1-2) 

in agreement with previous special case studies [11, 12, IS, 14 [. The presence of a similar 
nontrivial measure factor has been previously discussed from a different point of view in 
[|l5|] . Finally we will formulate detailed constraints on {p,q) for the conjecture to hold to 
exponential accuracy, and give a concrete error estimate within this domain of validity 
somewhat larger than that found in previous special case studies [13|. 

A more or less self-contained technical summary of our final result — the refined OSV 
formula — can be found in section |^. 

The main challenge, to which much of the paper is devoted, is essentially controlling 
the error and ensuring it does not swamp the effects of interest. We outline the issues 
involved a bit further on in section 1.2, and discuss a number of unresolved problems in 
this context. 



1.1 Outline 

Besides a precise version of the OSV conjecture as outlined above, we will obtain several 
results of independent interest: 

1. In section |2| we show that the "black hole partition function" of OSV for = may 
be obtained from a well-defined, convergent (topologically twisted) D4 partition func- 
tion Zj:)4 through a formal substitution of arguments. We then demonstrate, using 
TST duality, that transforms as a generalized multi-variable Jacobi form under 
modular transformations. From this, we rigorously establish a "fareytail expansion" 

""^This indicates that M-theory is perhaps the most natural framework to consider this limit. We will 
develop most of our picture in IIA, but the fundamental building blocks we will use, namely attractor flow 
trees, are universal and can equally well be interpreted in IIA, IIB or M-theory, or even microscopically, as 
we will see. 
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[Pq , 27 1 for the fareytail-transform 2^d4; a-s well as one for the original Zo4^. This ex- 
presses the D4D2D0 indices of arbitrary charges in terms of those of a distinguished, 
finite set of "polar" charges, which have reduced DO-charge > 0. The use of the 
fareytail expansion in this problem was suggested in [11 1 and is dual to the M-theory 
derivations of [18, 28, 47 [. The result obtained here refines and extends these results. 
This section is logically quite independent of the remainder of the paper, although 
the final result ( 2.71| ) will be used in the derivation in section S.4.2. 



In section ^, we give a review of the four dimensional supergravity picture of BPS 
bound states as multicentered black hole "molecules" and of the phenomenon of 
decay at marginal stability in this setting. We emphasize the power of attractor flow 
trees in establishing the existence of such solutions, and argue in general that these 
flow trees give a useful partition of the classical BPS configuration moduli space and 
quantum BPS Hilbert space. We give very concrete explicit examples of D6-anti-D6 
two centered bound states, halos, Sun-Earth-Moon systems, and iterations of those. 

Within the class of two-centered black hole examples, we encounter a rather surprising 
phenomenon: when one uniformly scales up a generic {P > 0) D4-D2-D0 charge F 
as r — > Ar, one finds that for A sufficiently large and in a background with Imtoo 
sufficiently large, there always exist two-centered black hole BPS bound states whose 
horizon entropy is parametrically larger than the single centered horizon entropy. 
More precisely the horizon entropy of these two centered solutions grows as A^, while 
the single centered entropy only grows as A^. Although this is easily seen to be 
fully compatible with holography (as all distances scale as A'^/^), it is still quite 
unexpected, and appears at odds with the OSV formula (at too ^ ^co) in this limit, 
as that formula predicts log[i7[ ~ A^. We refer to this phenomenon as the "entropy 
enigma" . 

We also demonstrate the existence of an interesting class of multiparticle "scaling" 
solutions, which are characterized by a configuration scale modulus A such that in the 
limit A ^ 0, the solution becomes indistinguishable from a single centered black hole 
to a distant observer, while a near observer keeps on seeing nontrivial microstructure. 

Finally, we show that the polar states forming the basis of the fareytail expansion 
correspond to charges which do not have a single centered black hole description. 
Instead they are realized as BPS black hole configurations consisting of two (or more) 
clusters of nonzero opposite D6 charges. In this sense polar states are "split states" . 
This split nature will translate into approximately factorized degeneracies, which we 
show in later sections to give rise eventually to the factorization 2^bh ~ -2^top^top; i-e. 
the OSV conjecture. 

In section ^ we briefly review the microscopic counterparts of these multicentered 
configurations in terms of stretched open strings and tachyon condensation. We also 
exhibit how to a certain extent the split nature of polar states is mirrored even in 
the large radius geometrical description of these D-brane states, by matching charges 
and moduli spaces. 
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In section ^, we get to the actual counting of BPS states and describe perhaps the 
most important result in the paper. We give physical arguments for a wall crossing 
formula giving the jump Ar2(r; t) of the index at a wall of marginal stability t = t 
corresponding to a decay F — > Fi + The index changes by 



ms 



AO(r;t) = (-i)<ri'r2>-i|^p^^p^^| Q(r^.t^^^) nir2;tms) (i.3) 

when Fi and F2 are primitive. Of course, for fixed Fi,F2 this is also the wall of 
marginal stability for other charges F7Vi,Ar2 ^i^i + ^2^2, -^1,^2 > 0. We show 
that the formula for A'^i = 1 but arbtirary A''2 is most conveniently given in terms of 
a generating function: 

/ N fc|(ri,r2>|n(fcr2) 

^ Afi(Fi + iV2F2)g^ = 0(Fi)n{l-(-l)'^^^'^'^9M (1.4) 

N2>0 k>0 ^ 

where all indices are understood to be evaluated at t = tms. These formulae in turn 
give rise to a powerful factorization formula for BPS indices based on attractor flow 
trees. 

We verify these formulas explicitly for a number of nontrivial bound states of branes 
described by quivers and/or large radius sheaves, including a three node quiver with 
a closed loop and a generic cubic superpotential. For this case we find an intriguing 
exact formula for the indices in terms of an integral of the product of three Laguerre 
functions. This shows a phase transition (as a function of the charges) in the growth 
of the degeneracies, going from polynomial to exponential exactly at the transition 
point where the black hole-like scaling solutions mentioned above come into existence. 
Moreover in this regime we find the rather suggestive asymptotics Q ~ 2^^^ 2^^^ 2^^^ , 
where lij denotes the number of arrows between the respective nodes in the quiver 
(note that these grow quadratically with uniform charge scalings, making this a 
macroscopic entropy). 

In section ^ we turn to the counting of the BPS states specifically relevant for our 
derivation of the OSV conjecture. 



In section |6.1| , we analyze the spectrum of D6-D2-D0 BPS bound states with unit 
D6 charge and the generating function ^D6-D2-Do|too foi' their indices in a given 
background too = B + iJ- We discuss the relation of these generating functions 
with the Donaldson-Thomas(DT) / Gopakumar-Vafa (GV) partition functions. It 
turns out that for D6D2D0 states realized in supergravity as D2D0 "halos" around a 
core with nonzero D6 charge, there are walls of marginal stability which run all the 
way out to infinite Kahler class, leading to jumps in -Zd6-D2-do when the i3-field 
is varied, and hence to explicit deviations of physical stability from /i-stability even 
in the infinite CY volume limit. Thus one can only potentially identify 2^d6-D2-do 
with the DT partition function in certain limits of the background. This includes 
particular limits i? — > 00, for which we show that the contribution of all stable halo 
states to -Zd6-D2-do is given exactly by the genus r = factor of the GV/DT infinite 
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product. We argue that in such hmits we can indeed identify Zot = -2^D6-D2-do! 



refining the arguments and result of |29]. Under this identification, the genus r > 
part of the DT infinite product counts "core" states, which are stable for any value 
of the S-field at infinite Kahler class. 



Sections 3.2 and 3.2 contain the most subtle steps in our derivation of the OSV 
conjecture. We will outline the origin of the complications and discuss the unresolved 
issues that arose separately in section below. In section we analyze the D6-anti- 
D6 type bound states giving rise to polar D4-D2-D0 states, and address in particular 
the question of which D6 and anti-D6 states correspond to "extreme" polar states, 
i.e. states whose reduced DO-charge is near-extremal. Restriction to these states in 
the generating function is necessary to obtain exact factorization, which we further 
discuss in section Finally, in section |6.4| , by combining the results of the previous 
sections, this leads to to a derivation of a refined version of the OSV formula. 

6. In section 0, we give a thorough discussion of our final result. 

7. The seven appendices contain numerous technical details and several additional re- 
sults. In appendix we collect some definitions and conventions, and in appendix 
P we summarize a number of results in algebraic geometry we use. In appendix 
we prove a partial result regarding the finiteness of the number of split attractor 
flows. In appendix ^ we outline an efficient algorithm for checking numerically the 
existence of attractor flow trees. These algorithms helped in checking the extreme 
polar state conjecture. In appendix ^ we give the details of the computation of the 
closed loop three node quiver index mentioned above. In appendix ^, we clarify some 
confusion which existed in the literature regarding whether one should compare the 
index or total degeneracy computed at zero string coupling to the black hole entropy 
(in particular in five dimensions, where it seemed that the former gave wrong results), 
and show it is in fact the index, if one uses the proper one. Finally, in |G|, we give an 
independent derivation of our version of the OSV formula in the gtop — > oo regime, 



using techniques originally developed in |30, 31 1 to count closed string fiux vacua. 



1.2 Challenges for a complete proof and unresolved issues 

Although the basic idea underlying our derivation of the OSV conjecture is quite simple, 
turning it into a complete proof proved to be a rather complex task, and we have only 
been partially successful. This is not a shortcoming of the IIA picture we work in — the 



same would be true if one wanted to turn the ideas of |17, 18] into an actual proof, and 



the complications outlined below have all direct equivalents in the M-theory picture used 



there. We elaborate on this in section 7.3 . 



At the core of the complexity lies the fact that in order to obtain the factorized form 



of the integrand in (1J-) it is necessary to introduce a cutoff. The factorization ultimately 
comes from the fact that, through the fareytail series of section ^, all D4 indices can 
be expressed in terms of the indices of a finite number of polar D4 states, which as we 
mentioned above do not form single centered black holes but can be described as D6-anti- 
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D6 bound states.^ In a suitable limit of the background, single D6-states are counted by 
DT invariants, which determine -2^top- If there were a one-to-one map between all polar 
D4 states and all possible pairs of single D6 and single anti-D6 states in the background 
in which they are counted by DT invariants, we would thus get exact factorization and a 
strong version of the OSV conjecture.^ 

Unfortunately, this is not the case. Not all polar states are single D6 - anti-D6 bound 
states, and moreover the subset of single D6-anti-D6 pairs giving rise to actual bound states 
is rather limited and complicated. In particular, even within the set of pairs which do form 
bound states, the two elements of the pair cannot in general be chosen independently, 
ruining exact factorization. 

However, we will argue that for sufficiently polar states, i.e. D4 states with charges 
sufficiently close to those of a pure D4, the desired one-to-one correspondence does indeed 



hold. ^ "Sufficiently close" is measured by a parameter rj > 0, defined in section 6.2.2 , with 
rj = corresponding to the pure D4, which can be realized as a bound state of a pure D6 
and a pure anti-D6 with suitable fluxes turned on on their worldvolumes. More precisely 

._ go -(go) max 
' ' (go)max 

Dropping all polar states with r/ > r/* with 7]^, sufficiently small allows us to obtain an 
approximate factorized formula. The error introduced in this way turns out to amount to 
a multiplicative correction to the integrand in ( |l.lD of order 

exp 



Now the essence of the OSV conjecture is that D-brane BPS degeneracies are expressed 
in terms of the data of worldsheet instanton effects. These effects contribute factors 
exp [0(e~^*°P'^)] to the integrand, where we used the relation Imt ~ gtopP detailed below 



in (1.10). Thus, to keep the error smaller than the effects of interest, we need to keep 

Much of our work is aimed at investigating how large one can take r/^, without ruining 
factorization. This requires getting sufficient control on the very difficult problem of stabil- 
ity of BPS bound states. For this purpose, we spend some effort extending the development 



of the theory of attractor flow trees |22, 21, |2^, 24]. This framework gives in principle a 



way to study systematically stability issues. We successfully used it to get large parts of 
the problem under control, but regrettably a few gaps remain. 

We make these gaps explicit by formulating a number of precise conjectures. The 



first one is the "split attractor flow conjecture," formulated in section 3.2.2. This states 
essentially that we can classify BPS states by attractor flow trees, and that the number 
of such trees of a given total charge is flnite. There are very good physical arguments for 



^Here and in the following, by D4 and D6 states, we mean states with arbitrary induced lower dimensional 
charges. 

^Actually there would still be a series of fareytail corrections, but these are under exact control, and 
each of these corrections would again be factorized. 

*By a "pure D4" we mean a D4-brane BPS state with = 0,F = in the notation of section below. 
It has charge T = P + (P^ + C2 • P)/24. Similarly, by a " pure D6" we mean a rank 1 D6 brane with no 
lower charges, i.e. F = 1. A "pure fluxed D6" means F = . 
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this, and the analysis of this paper gives ample evidence for it. We have no reasons to 
doubt it. The second one is the "extreme polar state conjecture," formulated in section 
6.2.2| . This states that all polar states with r] < rj^ sufficiently small can be realized as 



single D6-anti-D6 bound states with the charges of the constituents being close to those 
of the pure fluxed D6 and anti-D6 branes describing the pure D4. "Close" in this case is 
measured by a parameter e defined in section 6^, eq. ( |6.51| ), with e ^ r]^. We give some 
physical arguments and considerable numerical and analytical evidence for the extreme 
polar state conjecture, and we strongly believe it to be true. 

Modulo one assumption, these conjectures then allow us to show that we get the 
required factorization for a sufficiently small but P- independent value of ij^, , in which case 
indeed 77=,, ^ in the large P limit, making the error exponentially smaller than the 

instanton contributions. That assumption is that the BPS indices of the D6 and anti-D6 
charges restricted by the cutoff e do not jump between the region in moduli space where 
they equal DT invariants and the region in moduli space where the central charges of the 
two constituents line up. 

Unfortunately, this assumption turns out to be wrong at large P with fixed e ! There 
can be D6 or anti-D6 states within the e bound which do decay between these loci in moduli 
space. Such pairs cannot combine into D6-anti-D6 BPS bound states, again spoiling the 
desired factorization, and moreover spoiling the identification of the D6 indices with DT 
invariants and the topological string. 

Such states, which we call "swing states," in fact do exist, at least when 77* ~ e > 
0{1/P), as we discuss in section 6.3.2 . When e < 0{1/P^), we can prove in general that 
swing states are absent at sufficiently large P. Let (,cd be the minimal value of ^ such 
that taking e < S/P^, swing states are absent at sufficiently large P for some fixed 6 (for 
reasons which will become clear in section 3.3.2, we call this the "core dump exponent"). 
From what we just said, we know that 1 < ^cd < 3. But given the relation 77=,, ~ e, we 
need ^cd < 2 for the error not to be parametrically larger than the instanton contributions. 
We suspect that in fact (^cd = 1> and give some circumstantial evidence for this claim, but 
are not fully confident, so we consider this to be an unresolved issue. Note that in this 
case, the corrections are of order e~^'°p^ gestive of D4/M5 corrections 

to the topological free energy. Indeed, the D6D2D0 swing states we find are realized in 
supergravity as two-centered D6-D4 bound states, which lift to M5 rings circling the center 
of Taub-NUT in M-theory. 

Assuming S^cd ^ 2, there is no further obstacle to proving our refined OSV formula 
for too = ^00, at least for gtop > 0(1), that is, at strong topological string coupling. The 
restriction to strong coupling might seem odd at first, as this is opposite to the regime for 
which the OSV conjecture was intended to be valid, but it becomes less so when one realizes 
that all the old successes of microscopically reproducing the Bekenstein-Hawking entropy, 
such as IQ, in fact have saddle point values gtop ^ 1, this being essentially equivalent to 
being in the regime of applicability of the Cardy formula. Also, all of the other recent 
studies based on reduction to a weakly coupled brane system |l8|, although going 
beyond the gtop ^ 1 limit, are upon closer inspection implicitly equally limited to the 
strong topological coupling regime gtop > 0(1)- Moreover, the checks for small black holes 
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1 11, 12 1 were in general only valid in the region of strong topological string coupling. 

Technically, the reason for the restriction to gtop > 0(1) comes from the fact that the 
error estimate (1.5), which arises from dropping all polar states with rj > rj^:, is actually only 
manifestly valid for (/top sufficiently large. In this case, the most important contributions 
to the error come from polar states with ij near the cutoff, as the ones with large values 
of 7] are exponentially suppressed. However, when gtop becomes smaller, the exponential 
suppression becomes weaker and at a certain point, the bulk of the polar terms (order 1 
values of rj) will start to dominate the original partition function and therefore the error 
produced by dropping them, because they have more entropy than the extreme polar 
ones. So something like a phase transition occurs, with gtop playing the role of inverse 
temperature. Simple estimates suggest that the degeneracies of the polar states at fixed 
T] grow with P as e^^^ , and the transition occurs at the value of gtop where this starts to 
dominate over the suppression factor e~''^*°p^^, hence at some 0{1) value of gtop- If the 
growth estimate is correct, then for values of gtop less than this, factorization breaks down. 

This is not a failure of the derivation itself, but is in fact very closely related to the 
entropy enigma mentioned earlier — indeed, the supergravity configurations dominating 
the entropies of the polar states are precisely of the same kind as those giving rise to the 
entropy enigma. Moreover, since the saddle point value of gtop in (U;) scales as 1/A when 
(p^q) ~^ ^{PiQ)j the large A regime is equivalent to the small gtop regime, and thus the 
appearance of the enigmatic configurations with entropy scaling as is consistent with the 
potential failure of the conjecture at weak gtop (and too = ^oo), which predicts log \ ~ A^ 

We can only say there is a "potential failure" here because there is a possible loophole 
which might still save the conjecture even in this large A regime. This loophole is discussed 
in detail in section 0. It is based on the fact that since ^{p,q;too) is an index, it receives 
contributions of different signs from many multicentered black hole configurations, so there 
might in principle be miraculous cancelations altering the exponential growth from e'^^^ 
down to e'^^^ . We argue this is very unlikely, but might still have a (remote) chance of 
being true if a similar cancelation happens for the DT invariants approximately building 
up our polar indices. The problem for DT invariants can be phrased in a mathematically 
precise way. The upshot is that if A'^dt(/?, n) is a DT invariant for curve class /3 with DO 
charge n then we should study the large A asymptotics of log N£)t{X'^P, A^n) ~ A*^. (See eq. 
(|7:26|) for a more precise version.) The straightforward estimate based on the entropy of the 
corresponding D6D2D0 black holes suggests k = 3, which would invalidate weak coupling 
OSV at too = ioo. If, due to miraculous cancelations between different contributions to the 
DT invariants, we get k < 2, this would be suggestive of cancelations between the related 
actual indices, and perhaps the extension to weak coupling might still be possible (but this 
is by no means guaranteed). Although such cancelations might seem like ludicrous wishful 
thinking, we discuss a number of heuristic arguments pro (but also contra) this hypothesis. 

Of course, it might also be that one should not take too = ioo. Other natural prescrip- 
tions might be to take too to be at the attractor point t^(p,q) in (|l.l| ) or to take t finite 
and fixed while sending P — > oo. Both of these turn out automatically to eliminate the 
enigmatic A^ configurations when A — > oo, but would also spoil some of the interesting 
interpretations of the conjecture as an example of large radius D-brane gauge theory - grav- 
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ity duality. Moreover, they would also push direct microscopic verification into a quantum 
geometric regime (due to the importance of a' correction at finite values of Imtoo) which 
so far has proven intractable. We again refer to section |^ for more details. 



Note added in version 2: 



1. After version 1 of this paper appeared on the arXiv, the paper |25] appeared, in 
which the growth of DT invariants logiV£)7^(A^/3, }?n) ~ A'^ was numerically studied, 
based on available data sets of DT invariants of a number of compact CY manifolds. 
Although these data sets are too limited to directly extract asymptotics, one can get 
predictions for k by using Richardson transforms. Surprisingly, the results suggest 
k = 2, exactly the critical value for the OSV conjecture at t = ioo to have a chance of 
being correct even at weak topological string coupling, and implying the "miraculous 
cancelations" do indeed occur! Although as mentioned above and discussed at length 



in section [7.4| , such cancelations at the level of DT invariants are not quite enough 
to make OSV work at weak coupling (for this one also needs cancelations at a more 
detailed level of different contributions to the D6D4D2D0 indices), it is clear that 



if the numerical results of |25] indeed correctly capture the A — > oo asymptotics 
of the DT invariants, the unknown mechanism underlying these cancelations might 
conceivably also imply the more general cancelations required for weak coupling OSV. 
It would be extremely interesting to settle this issue. 

We would like to stress that the implications of such miraculous cancelations could be 
enormous, going well beyond the issue of the range of validity of the OSV conjecture. 
In particular, if A; = 2, then this raises the possibility that the Donaldson-Thomas 
partition function (|1.20|) gives a convergent, nonperturbative completion of the topo- 



logical string partition function, of which (1.17) is a divergent asymptotic expansion 



Indeed if A; = 2 the sum over /3 will have a nonzero radius of convergence for fixed 
n. However proper convergence would actually also require A'^dt(A^/3, A^n) to vanish 
identically at sufficiently large A for all strictly negative n, which requires an even 
more miraculous, exact cancelation to occur. Further work is needed to determine 
whether this might be the case or not. It is perhaps also worth noting that our 
equations ( 6.101 )- (|6.102 ) below in fact can be interpreted as defining a nonperturba- 



tive completion of the norm squared |^topP of the topological string wave function, 
starting from the polar part Z~ of the D4 partition function, since when P oo, 
Z^^rj, becomes Z^t- 



1.3 Preliminaries 

Let us conclude this section by reviewing some basic definitions which will be used in the 
text. 

We will be studying type IIA D-branes wrapping cycles in a nonsingular compact 
Calabi-Yau 3-fold X of generic holonomy. The Hilbert space of type IIA on M^'^ x X is 
graded by RR charge V G K^{X). We ignore possible torsion subgroups and identify the 



- 12 - 



charge group with H'^'"^^ (X ; 7j) , modulo torsion. Near a large radius limit of X there is a 
canonical electromagnetic decomposition F = {p, q) with magnetic charges p G H^{X; M) © 
H'^{X;R) and electric charges q G H'^{X;R) © F6(X;M). Picking a basis {DaIa, -4 = 
1, . . . ,h := /i^'-'^(X) of Z), the charges can be written in components as p =: p^ + 

P'^Da, Qa '■= fx Da^Q, Qo '■= fx 1- We also introduce an index A running over 0,1, ... ,h, 
and denote components of p by p^ and q by ^a. ^ The crucial boundary conditions on 
the fields at spatial infinity are those for the vectormultiplet scalar fields of the effective 
M = 2 supergravity defined on M^'^. For IIA compactifications these are the complexified 
Kahler moduli t := t^DA ■= B + iJ. In the superselection sector {p,q) there is a central 
charge Z{p, q; t) of the M = 2 supersymmetry algebra and there is is a well-defined finite- 
dimensional space of BPS states Ti.{p,q;t). These are the states at rest transforming in 
the small representations of the little M = 2 superalgebra. Alternatively, they are the 
1-particle states satisfying the energy bound E = \Z{p,q;t)\. 

As pointed out in |11] the appropriate index to use in this context is the second helicity 
supertrace. We will denote it as:^ 

nip,q;t) := -2TV^(p,g.t) (-l)'-^^!. (1.6) 

Here J3 is the 3-component of spatial angular momentum. Since every BPS particle in an 
N = 2 theory has a universal half-hypermultiplet factor (0, 0; ^) obtained from quantizing 
the fermionic degrees of freedom associated to its center of mass in M^, we can also write 
n{p, q; t) = (0, 0; |) ® n'{p, q; t) and 

n{p,q;t) = -2Tr^,(,,,,) (^2{4f - (J^ - - (J^ + i)^) (-1)^-^3 = Tvn^^^^,;) (-if''^- 

(1.7) 

Here J3 is the reduced angular momentum. 

We include the t-dependence since even though is an index, it does depend on 
the background complexified Kahler moduli t"^, through jumping phenomena at walls of 
marginal stability. These are walls where the phases of the central charges of the con- 
stituents of a bound state line up, so decay into them is no longer energetically obstructed. 
As we will see this is not just a minor nuisance; it affects the regime of validity of the 
OSV conjecture in a significant way and moreover associated wall crossing formulae for the 
index will prove a powerful tool, central in our derivation. 

With these indices one can define a (formal) partition sum at fixed magnetic charge p 
by summing over electric charges g:'' 

2BH{4>;toc) ■.= Y,n{p,q;t^)e^^^^'i\ (1.8) 



In terms of this generating function the conjecture [10| states that in a suitable parameter 
regime, 

2Bu{<P;too) ~ \Ztop{gtop,t)f (1.9) 

^Sometimes q refers just to the D2 charge and not the total electric charge. In this case it should be 
clear from context which one is meant. 

®The normalization factor —2 is chosen such that one (half) hypermultiplet gives Q, = +1. 

^Our normalization conventions differ from |ll|, (j>{here) = -<j!)(||l^)/27r = -0(0, |l|l)/2. 



- 13 - 



where 2^top is the topological string partition function and the following substitutions are 
understood: 

_ 47ri _ 47r . ^ 2l\f^ + ip^ 

Here I^^A2 is the inverse symplectic intersection form between magnetic and electric 
charges, where intersection products are assumed to equal zero between magnetic charges 
and between electric charges. The presence of this intersection form can be deduced for ex- 



ample from the results of |24]. In a canonical symplectic charge basis (which was assumed 



in [^] ) , one has I^^ A2 = <^a2 ' more generally it is sometimes more natural to work in a 
basis with a different intersection form. For example, as we review in appendix in type 
IIA at large radius, where RR charges are given by F = ch{F) A \/^, the natural choice of 
basis gives I^^A2 = o'A2 <^A2 where (Tq = 1, cjyi = — 1. We trust the reader will not confuse 
the background moduli too with the substituted on the RHS of the OSV conjecture. 
As mentioned already in the introduction, an alternative way of writing (|1.9| ) is 

n{p,q;t^)^ y"#e-2-'^''«'^|Ztop|^ (1.11) 

where again the substitutions ( |1.1[1| ) are understood on the right hand side. 

In this text, we will define the topological string partition function ^top associated to 
a Calabi-Yau threefold X as follows: 

Ztop(,g,t) := Z^,^{g,t)Z%^{g)Z'^^{g,t) (1.12) 

(27ri)'^ ABC '^'^'^ 
K — U Aftnt t t • 

2'Gwi9) := (11(1 -^^'Tj (1.14) 
Z'a^ig,t) := exp(Y,^N,^pi-g')^''e'-^^-'^). (1.15) 

Here Dabc are the triple intersection numbers of the basis {Da} a-, C2 is the second Chern 
class of X, x{^) is the Euler characteristic of X, and A^^^i^^ are the Gromov-Witten in- 
variants counting the "number" of holomorphic maps of genus h into class /3 G H2 {X, Z) . 
Henceforth we will usually drop the subscript on g^op and simply write g. 

In ( |1.14| ) , we resummed the contributions of the degree zero Gromov-Witten invariants 
Nhfl into the McMahon form ( 1.14| ). At small it is more suitable to use the asymptotic 



Zpoi{g,t) := exp( -^-J-DABct'^t''f - —C2At^ ) (1.13) 



expansion given by 

/M^,„Jx(^)C(3) 



Z%w{9) - K (^) ' exp i^^-f + f; iVM {-9^-' ] • (1-16) 



h=l 



where K is a. constant. (See Appendix E of |12], or eq.(4.34) et. seq. of |41| for a careful 
derivation.) 
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Similarly, one can rewrite Z'Qy^{g,t) as an infinite product using M2 BPS invariants 
^ m, H, ||. Denoting the BPS invariants as we have 2:^^(5, i) = Z^y(e-3, e^'^**), 
where 



(}>0,fc>0 

2r-2 



- n n(i 

q>0,r>0 i=Q 



-g{r-e.-l)+2mq-t 



(1.17) 



(1.18) 



Finally, ^top is conjecturally related ||3g, g6|, |2^] to the Donaldson-Thomas partition 
function for ideal sheaves, as 



Z'dt{u,v) = Zcv{-u,v). 



(1.19) 



Here 



ZIt{u) ■•= 11(1 - (-n)")-">^W = (Zgw)' , 



(1.20) 
(1.21) 



where := nA(^^)^'*' ^^'^ Ndt{P, n) are the ideal sheaf DT invariants, defined in |38, 39, 
|40| . Physically they can be thought of as counting D6-D2-D0 BPS states with DO-charge 
n and D2-charge — /?, ignoring stability 

(i.e. ignoring D-term constraints on the D6-D2-D0 moduli space). 

The conjecture ( [1.19 ) has been confirmed by many case studies, partially proved, and 
is physically well supported |35, 29 1. We will assume it is true. 

We conclude with two remarks: 



1. Our definition of Ztop is slightly nonstandard because of the way we handled the 
/? = invariants. From (1.16) we see that there is an extra summand ^ log ^ in the 
definition of -Ftop- This is large for g both small and large, and has the important 
property that the expansion of Ftop is not analytic in g. 



2. For many Calabi-Yau manifolds one can use known asymptotic growth estimates of 



the Gromov-Witten invariants following from the results of | 116 , 117 ] to show that 



the first line of ( 1.17 ) indeed converges as an analytic product for sufficiently small u 
and sufficiently large Kahler classes. It will, however, have interesting singularities. 
On the other hand, it already follows from the results of jsj] that Z'^jj!^ has zero 
radius of convergence, and must be considered a formal product. In section 6.1 we 



will give a nice physical interpretation of this second product as a product over "core 
states." 



^These are also known as Gopakumar-Vafa invariants. 
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2. A fareytail expansion for the D4-D2-D0 partition function 



In this section we will show that Z^r for = and too = ^oo can in general be expressed 
as a fareytail (or Rademacher-Jacobi) series built from its polar part, generalizing the 



results of pq , 27]. The derivation given here is dual to the derivations |18, 25] which 
appeared while this paper was being written. We include it nevertheless for completeness 
and because we fill in some of the gaps in those proofs and clarify some issues which were 
left open, e.g. how to define a fareytail series for the actual partition function instead of 
for the fareytail transform of it. 

2.1 D-brane model, physical interpretation, and S-duality 

Consider a single D4-brane wrapped on a smooth holomorphic surface in X. This surface 
will be in an ample divisor class P = P^Da and we often (somewhat sloppily) refer to the 
surface also as P. We assume the surface has DO-branes^ bound to it and U (1) flux 
F G H^{P) turned on.^° 

Defining electric charges as the quantities coupling to the RR-potentials, the D2-brane 
charges are 

qA = QA = DA- F. (2.1) 

Here and in what follows the scalar product between two 2-forms in H'^{P) is the intersec- 
tion product: 

ai ■ a2 ■= / ai A a2 (2-2) 
Jp 

If the 2-forms are pulled back from H'^{X), i.e. = ipOi, this can also be written as 

Qi • Q2 = -P • ai • 02 = Dabc P^af a^- (2-3) 

To avoid cluttering, in the following we usually will not notationally distinguish between 
dj and its pullback ai, hoping that this will not cause confusion. 
The total DO-brane charge is 

qo = -N+ \f^ + ^ (2.4) 

where 

^{P) = p3 + C2{X) ■ P := DabcP^P^'P^ + C2,aP^ (2.5) 

is the Euler characteristic of P. The last term in ( ^.4| ) represents the curvature induced 
DO-brane charge on the D4-brane. 

To have a super symmetric configuration, one needs F^^-O) = 0(= F^^'^)). (The S-field 
does not appear here because it is always of (1, 1) type for flat B.) For generic fluxes at 
generic points in the D4-brane moduli space, this condition will not be satisfled. Exceptions 
are fluxes F which are pulled back from H^{X) = H^^'^{X): for these, F^^.o) = identically. 



^In our conventions, which follow and are natural from a geometric point of view, D4 branes form 
bound states with anti-T>Q branes at large radius, and D6-branes with anti-D2 branes. 
io^2j-p-j g^jjj H^i^X) will refer to the integral cohomology modulo its torsion subgroup. 
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However, in general there will be (many) elements of H^{P) which are not pulled back 
from H'^{X). For these, the condition F^^'^^ = imposes h'^'^{P) equations on the h?'^{P) 
geometric moduli of P, which will generically restrict the divisor moduli to a set of isolated 
points, and more generally to a subvariety of the original moduli space 44 1. The 
DO-branes bound to the D4 are pointlike^^ and not obstructed by the fluxes. 
Thus we can rewrite (^]^) as 

Zbh(/,'3>) = ^d(F,iV)e2-'^°[-^+^^'+^]+2.$.F (2.6) 

F,N 

where the sum is over U{1) worldvolume fluxes F on P and the number > of bound 
pointlike anti-DO branes. The flux lattice is L = a/2 + H^{P), with a/2 := ci(P)/2 = 
L*pP/2 mod 1, where ip is the embedding map of the surface P. We will choose the natural 
representative a = i*pP, which we will also denote simply as P. The half-integral shift 
follows from the K-theoretic formulation of RR charges and is needed to cancel anomalies, 



both on the brane worldvolume ||4^ and on the fundamental string worldsheet |4C]. 

The index d{F, N) is defined similarly to ( |1.6| )-( |l?7| ) but now with the trace in a sector 
of fixed {F,N), for J ^ oo. The angular momentum can be identified with the Lefshetz 
SU (2) action on the moduli space, so in particular the 3-component of the spin of a p- 
form is J3 = {p — dim)/2, where dim is the complex dimension of moduli space [^]. This 
identifies our index d{F, N) up to a sign with the Euler characteristic of the moduli space 
AiF,N of BPS configurations in the sector labeled by (F, N): 

d{F,N) = (-l)di-^^,iv^(_^^^^). (2.7) 

Note that d{F, N) is independent of the B-field, because B does not appear in the (large 
radius) BPS conditions for D4-D2-D0 bound states and does not affect the moduli spaces. 

Typically Mf,n has singularities, and as a result it is not directly clear what the 
proper mathematical definition is of the Euler characteristic x{-^f,n) to get the correct 
physical index. It would be worthwhile to have a precise mathematical definition of the 



invariants d{F,N). Quite possibly they are DT invariants for torsion sheaves |3g, 39, 



Some discussion of the subtleties involved can be found in |47]. 

It was noted e.g. in section 6 of |jl2| that this partition function is everywhere divergent, 
but that this can be cured in a natural way by adding a Boltzmann weig ht e"^^ with H 
the BPS energy of the state. The resulting partition sum is then naturally interpreted as 
the BPS partition function^^ of a single D4-brane wrapping P and a Euclidean time circle 
of circumference P, in a background with flat RR potentials'^ 

Cs=:CA^, Ci=:CoA^. (2.8) 

(3 p 



^^When a suitable nonzero _B-field is turned on, they can alternatively be considered to be smooth 
noncommutative (7(1) instantons. 

^^This should be given by the partition function of a suitably topologically twisted D4 DBI theory, 
possibly the theory constructed in [Q. It would be interesting to make this precise. 

^^Flat RR potentials are properly described by the compact Tf-group (X; R/Z). This determines the 
proper periodicities for these fields. We will ignore such subtleties in this paper. 
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Here C G C). The BPS partition function is roughly Tr (-l)^^ (,-m-2-niqA-c^ ^^ere 

the trace sums over all D4 states including all sectors (-F, N) . More precisely (in units with 
4 := InVa' = 1): 

Zj,,(^,Co,C;B + iJ) := TV(-l)2-^3e-/3^^-2-[-^+l^'+4?l^o-2^.^-(C+f) (2.9) 

d{F,N)e sua' ^ ' ' ^' X 

^ ^-2ni[-N+^:FH^]Co-27TiJ^-{C+§) ^2.10) 

where T := F — B. The "extra" factor must be there for S-duality to work 

properly [49, 50, 51], as we will confirm below. The string coupling constant gux is the 
physical IIA coupling, not to be confused with the topological string coupling. The quantity 
N\B + iJ) denotes the holomorphic central charge of the D4-D2-D0 system, which in 
our conventions with charge F G at large J is given by ( A.8| ): 

Z{F,N-B + iJ) = - I e-^^+'^'^T = -j'^ ■ J +[N --r^ - ^^]. (2.11) 
7x 2 2 24 

Recall that J^/2 = Jp is the volume of P. The absolute value of Z is proportional 
to the DBI energy evaluated on BPS configurations. Note that equation ( |2.9|) does depend 
on P and the background metric, but in a quasi-topological way, fixed by charges and 
background Kahler moduli. 

In the limit J — > 00 we have 

\Z\ = + + [N- - ^] + 0(1/ J^). (2.12) 

Since T is of type (1, 1) on supersymmetric solutions, we can use the Hodge index theorem, 
which states that the lattice of (1, 1) classes has Lorentzian signature, to decompose T in 
self-dual and anti-selfdual parts as: 

T = T^^T-, F+ = J, . J = 0. (2.13) 

We refer to appendix |^ for more details. With this we can redefine 2^d4! dropping an 
irrelevant (S-duality invariant) overall factor e-27rimTVoi ^^g. 

F,N 

where 



ZDiiT,C,B) :=^rf(F,Ar)e2--[^-|^^-4?]-2--in-2-^-(c+f), (2.14) 



r = Co + —i. (2.15) 
5IIA 

bmce J^^ < and J'l > 0, the sum over fluxes is well behaved in ( p. 14] ). 
Alternatively we can write ( |2.9D as 

- X(P) 

F,N 



Zda = ^(i(i?,Ar)e-2^P"^^/i-^^*-^+*^'=^/^-^^-^-*^^+'^-^-(^+?)l. (2.16) 
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Not surprisingly, part of the exponent has the form of a U{1) Yang- Mills energy with com- 
plexified coupling constant r. Nevertheless, the coefficients d{F, N) are nontrivial and the 
expression is not proportional to the standard theta function of a U{1) gauge theory. The 
reason for this is that the theory we are considering is more than just standard topolog- 
ically twisted M = 4 U{1) Yang-Mills, since we consider arbitrarily large deformations of 
the D4-brane, which are only properly described by the full DBI theory. Moreover, we in- 
clude pointlike bound DO-branes, which do not correspond to standard smooth Yang-Mills 
instantons. Note also that the curvature term proportional to x{P)-, which is crucial for 
modular invariance, appears naturally here. 

The OSV black hole partition function -Hbh is obtained by making a formal substitution 
of arguments in ^154: 

^bh(/, 0^) := ^D4(/3 = 0, S = 0, Co = i/, C = i^- |). (2.17) 

We put 5 = because we do not want to introduce explicit i?-dependence in -Zbh- Here 
(jp , <^ are real. 

Unlike the partition function 2^1)4, which from (2.14) and the large asymptotics 
d{F, N) ~ [§, ^ is easily seen to converge for any /? > 0, the partition function ^bh 

diverges everywhere. We can nevertheless make sense of it and justify formal manipulations 
by turning on [3 at intermediate steps. For example we can write 

n{p,q) = lim (f dCodCZD4{Co + T^i,C,B = 0) e2"^««^°+2-*Q-(^+f ). (2.18) 

The integrals run over one period of all RR potentials. They are well defined, and 
produce ^l{p,q) e~^^^^^^ , which in the limit /3 — > reduces to ^}{p,q). Often however it is 
not necessary to perform the regularization explicitly; for example if one is only interested 
in a saddle point evaluation of the integral, one can proceed formally. 

Besides providing a good regularization, this "physical" interpretation of the OSV 
partition function also allows applying the usual T- and S-dualities one expects to be 
symmetries of 2^d4- In particular performing a TST duality transforms this into a form 
getting significantly closer to what one needs to derive the conjecture. 

The T-duality goes along the time circle, and trivially preserves Z but gives it the 
interpretation of a partition sum over super symmetric configurations of a Euclidean D3- 
brane wrapped on P, with Euclidean time circumference 1//3, IIB coupling gn^ = qua/ (3 
and RR potentials Cq and C. 

Next, we S-dualize. The D3-brane is self-dual under S-duality |5^], which maps r = 
Co + i/guB to — 1/r while acting as electric- magnetic duality on the U{1) gauge fields. The 
background fields transform as 



r' = -l/r, C' = -B, B' = C, J' = J + gim~^ J. (2.19) 



^''This is sometimes referred to as the "OSV limit." However it is not in any sense a well-defined limit. 
Again, the if-theoretic interpretation can modify the proper periods. This will at most result in a 



modest numerical factor in p.l8|. We will ignore this possibility. 
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Note that the transformation of the Kahler form J leaves the background J = oo we are 
considering invariant. The partition function must transform as a modular form with some 
weights {w,w), that is 

Z'j,^ = L0sr'"f'^ZD3. (2.20) 

where ujs is a phase and, for fractional w, w we use the principal branch of the logarithm. 
The sum over fluxes F in Z'j-^^ is now over the dual lattice, but since H^{P) is self-dual on a 
compact surface, this is the same as the original lattice. In examples which can be checked 
explicitly this equality of partition sums essentially amounts to a Poisson resummation (see 
also appendix |G|) . Finally we can do another T-duality along the time circle to go back to 
IIA, but this is again trivial. 
We thus have 

Z{t,C) := Zda{t,C,B = {)) (2.21) 

= cu-iT-"'f-'^^B4(--,0,C) (2.22) 
r 

F,N 

= u;^V-f--e-(7f^-+^^+) (2.24) 

X ^(i(F,A^)e^[-^+5^-+'^]+^^+-2-(^--T+^+-T)--'^-^ (2.25) 

F,N 

= u-W-^f-^ ^.K\cl+^,cl) Zoa{--, -,B = 0) (2.26) 

r r 



= V-f- E[-—] Z{--, -). (2.27) 
In the last line we introduced the shorthand notation 

E[f{T)X-Y] — e-2^i/W^--5^--27r*/(f)x+.y+^ E[A + B] := E[A]E[B]. (2.28) 

To summarize, if we define 

Z{t,C) := ^d(F,iV)e2--[^-i(^-)'-4?]-2--l(^+)'-2-^-(C^+|) (2.29) 

F,N 

with F G H'^{P) + P/2 then we have the following modular representation. For A £T := 
SL{2,Z) denote 

(Sometimes we will abbreviate this equation to A ■ {t,C) = ( cr+d ' cr+d ) • ^lso> note that 
this action does not factor through PSL{2,Z), indeed, ■ (r, C) = (r, — C).) Then 

Z{A ■ (r, C)) = UA {CT + drier + d)- E[^—^] Z{t, C). (2.31) 
Here uia is a phase depending on the S'L(2,Z) element. For 

A = T=(JM (2.32) 
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direct computation leads to 

= = e^^*^ (2.33) 

In the second equality we used the index theorem which says that 

Co ■ P 

is an integer. To verify consistency of the modular representation of 

(2.35) 

we need to use d{—F, N) = d{F, N). In this case consistency of the modular representation 
and the theta function decomposition described below leads to 

ujs = _e^^^^'e^i('^-"')e*i^' (2.36) 

We will find later that w = 1/2 and, for bi{X) = 0, w = —3/2. Using this one checks that 
indeed . We will not need an explicit formula for loa for all A. 

What we are ultimately interested in are saddle point evaluations of integrals like 




(2.18). For saddle points at small r, which arise for large Qo, the resummed expansion 



( |2.25 ) is particularly useful, since when r — > 0, the subleading terms in this expression are 



exponentially suppressed. We will make this more precise in section 2.3. 
2.2 Theta function decomposition 

It it is useful and instructive to decompose ^ as a sum of theta functions. To do this, we 
decompose F in parts according to the distinction between fluxes which are pulled back 
from X, and fluxes orthogonal to these. As before, let be the embedding map for our 
divisor P. Then Lx '■= ipH'^{X) is the lattice of fluxes pulled back from the ambient space 
X, a basis of which is formed by L*pDA- This has metric Dab '■= DabcP'^ ■ Because in 
general det Dab 7^ 1) the lattice is not unimodular, while H'^{P) is. This implies that the 
lattice Lx®L-^ is only a sublattice of H'^[P). The quotient T> of the latter by the former is 
a finite group, parametrized by "glue vectors" 7 G P. Taking into account the half- integral 
shift P/2 of the flux mentioned earlier, we thus get the following decomposition for fluxes 
F £ H^{P): 

i^ = ^ + /ll+7 + /^, (2.37) 

where /" e Lx, £ Lj^. We can further decompose 7 along Q Lx and its orthogonal 
complement Q 03 Lj^ : 

7 = 7^+7^. (2.38) 

Any nontrivial 7 must have simultaneously 7'' 7^ and 7"*" 7^ 0. That it must have a 
nonzero 7II is clear: otherwise 7 is an integral flux orthogonal to Lx, which by definition 
is in and hence trivial in V. That it must have nonzero 7-*" as well is more subtle. If 
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7"*" = 0, then we can write 7 = r'^L*pDA- Now because P is very ample, by the Lefshetz 
hyperplane theorem (see appendix P), the map tp : i?2(-P, Z) — > H2{X,'Z) is surjective, 
that is, every 2-cycle in X can be realized as a 2-cycle in P. Hence there is in particular a 
set of 2-cycles on P such that Lp{a^) is a basis of H2{X,'L) dual to the Da- Because 
7 is integral, we moreover have j^A 7 € But by construction, this equals r^. Therefore 
7 G Lx, so it is trivial as an element of T). 

We can also identify P with the discriminant group: V = L*-^/Lx- Since H'^{P) 
is unimodular, the embedding is specified by an isomorphism with (Lj^)* /Lj^ preserving 
quadratic forms, by the Nikulin primitive embedding theorem ||5^ (the embedding is prim- 
itive again because of the Lefshetz hyperplane theorem). Similarly, 7"*" E (Lx)* represents 
7 under this isomorphism. 

Note that d{F, N) does not depend on the Lx part of F, since this is automatically 
of type (1, 1) and hence does not affect the BPS condition or the moduli space of su- 
persymmetric configurations. Using this, the partition function ( 2.29| ) can be written as 



16 

Z{t, C) = ^ *^(r, f, C) H^{t). (2.39) 

7 

Here we defined, using the shorthand notation ( p. 281 ) 

%{t, f , C) := ^ E[^{^ + 7" + /II)' + (^ + 7II + /II) • (C + ^)], (2.40) 
/II 

which is a nonholomorphic Siegel-Narain theta function of signature (l,h—l), implicitly de- 
pending on the Kahler form J because this determines the (C-(_, C_)-split. We furthermore 
defined the holomorphic 

where 

UF, AT) = ^ + 1(/^ + 7^)2 _ AT = 5, _ i(| + ^11 + fWf = qo-^ (2.42) 

Note that H^{t) = H^^{t). 

All nontrivial information about the degeneracies is captured by the holomorphic 
H^{t). For example we have for the degeneracies 

0(P, Q, go) = / drH^Q (r) e^--^" (2.43) 



^^This decomposition can be understood in the AdS/CFT correspondence as the decomposition of the 
partition function obtained by factoring out the singleton modes, as in |5^]. The analogous singleton 
decomposition for the M5-brane partition function was used in JlSf. The general singleton decomposition 



of the M5-brane partition function was described in [122]. 

^'^We abbreviate f2(0, P, Q, qo) by 0,{P, Q, go), and of course too ~ ioo is understood. 
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where 'jq is uniquely determined by (7q)a = Qa — DabcP^P'^/'^ mod DabcP^iT'^ ^ 
vP £ Z, and 

?o:='Zo-^, ■.= D^^QaQb. (2.44) 



The proof of ( 2.43 ) proceeds as fohows: First, note that fixing the D2-charge Qa fixes 
Da ■ F, which puts P/2 + 7II + /H = Q. This determines 7 (and /H) uniquely as stated 
above, because the difference of two different 7's satisfying this equation would give a 
nontrivial element of D with zero ||-component, which as we saw does not exist. Put 
differently, for each 7 and % we have an equivalence class 

P 

[l,qo]-={{0,P,Q,qo)\qo--Y=^o and Q G ^p,*(Lx + - + 7)}- (2-45) 

As noted above, shifts of F by elements of Lx do not change the index of BPS states, 
hence the index r2([7, go]) := ^iO,P,Q,qo) only depends on the equivalence class [7,50]- 
Another way of phrasing this is that the D4-D2-D0 BPS spectrum at J ^ 00 is invariant 
under integral S-shift monodromy, in accord with the absence of walls of marginal stability 
running off to J = 00 for this system. 

Grouping terms in ( ^.41 ) with fixed % we can thus also write 

i/,(r):=^l^([7,go])e-2--«~«. (2.46) 

QO 

Now, using the S-duality transformation ( p. 27 ) of Z and integrating both sides with 
respect to C ranging over //^(X, M) one gets w = 1/2 and 



H^(r) = |p|-i/2(_^^)-«'+V(_l)^p+i ^e2-^T"-^"F5(--). (2.47) 

where |P| = #P = det{DABcP'^)- Further more, 

H^{t + n) = e-2™(^+53) H^{t). (2.48) 

Thus we see that the form a modular vector. One can check consistency of the modular 
representation using the Gauss-Milgram sum formula |55] 

^ g-27rii(7^)2 ^ g-27risig(L-J^)/8_ ^2A9) 



2.3 r ^ limit 

When % — > —00, the saddle point of ( p. 43 ) will be at r ^ 0. To evaluate the integral, 
it is therefore useful to perform first the modular transformation (2.47). Indeed, when 
r — > 0, the only surviving term in the resummed series has 7 = = /-*" = since on 
supersymmetric configurations (7"*" + Z"*")^ < with equality iff /-*" = and 7"*" = 0, which 
as we saw in section (|2.2D implies 7 = 0. Hence in this limit 



n{P, Q, qo) = d(|, 0) \V\-^/^ (-1)^^+1 y dr e^"^*'" (-ir)-'"+^ e^""'^ . (2.50) 
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The saddle point of this integral lies at 



xjP) 



(2.51) 



which is indeed small when —qo^ x{P)i &iid 



lnQ(P,Q,go) = ^^^^ = 27:J-\qox{P). (2.52) 
r* V 6 

Since x{P) = P^ + C2-P-, this reproduces the well-known result for the Bekenstein-Hawking- 
Wald entropy in this limit ||2|, ^. One can do better however. The r-integral can be done 



exactly, resulting in a Bessel function, as detailed in [[111 , |12[. This gives an explicit formula 
for $7(^,(5,^0) to all orders in a 1/go expansion, up to determination of w and fi(P/2,0). 

In fact, comparison with an independent computation of 2^bh in this regime using 
techniques developed in ||3^, ^ for counting closed string flux vacua, which we give in 
appendix |G[ fixes w = —3/2 for X a proper SU{2>) holonomy Calabi-Yau manifold. 
Very roughly, the reason for this is that in the small (fP regime, the OSV partition function 
approximately factorizes in a factor l/r]((/)^)^(^)/'^^ counting the Euler characteristics of the 
DO-brane moduli spaces Sym^P, and a factor of the form j dF e^'^°^^ ■ ■ ■, approximately 
counting flux vacua. The first factor gives a ((p^)^^^^^"^ after modular transformation, and 
the second factor a (^(f)^^~^2iP)/2 fj-om integrating out F. Since x{P) = ^2{P) + 2 on an 
ample divisor in a proper Calabi-Yau, we thus get a net factor (j)^, corresponding to having 



w -\- w = —1 in ( ^.27 ). We found in section that w = 1/2 (alternatively this can be 



directly deduced from the modular transformation properties of the theta functions ^'-y), 
hence w = —3/2 as claimed. We refer to appendix |G| for more details. 

Furthermore, d{P/2, 0) is just the index of BPS states of the pure D4-brane without any 
deformation obstructing fluxes, which by (2.7) equals (— l)'^™-^^x(-^p) where TWp is the 



divisor deformation moduli space. It is not clear a priori what the physically relevant Euler 
characteristic of the divisor moduli space is, since this space has singularities where the 
divisor degenerates. It has an obvious compactification however, namely the corresponding 
linear system, which is the projectivization of the space of sections of the line bundle 
corresponding to P, which, because P is very ample, is just Aip = CP^^~^. Using this 
compactification, we thus have d{P/2,0) = (— l)^^~^/p. Below we will give more evidence 
that this is the correct definition of xi-^p)- 

Rephrasing all of this in terms of the original OSV partition function, we conclude 
that for the purpose of computing % —00 degeneracies, we can take 

Z{r,C) « i-iy^-^Ipu-/r^/^f-y^e'-^'^E[-^]^o{--,-)- (2.53) 

2t T T 



Making the OSV substitution r = r = icfp, and using (2.36), this formally becomes: 



'.BU[<p\^)^iIp<l>^ 22 e^'^-^^™^ (2.54) 



^More generally it; = -3/2 + 61 (X). 
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This is in rough agreement with the OSV formula ( |l.9D , restricted to the polynomial part 
of the topological string partition function. The additional sum over shifts of can be 
seen to be necessary to give the right hand side of the same periodicity as the left 
hand side. In the integral formulation ( |1.11 ) of the conjecture, this sum can be traded for 



an extension of the periodic integration contours to the entire imaginary axis. A similar 
sum over shifts of cfP is absent here, but this is consistent with the small 4>^ approximation 
as the shifted terms are exponentially suppressed. We also find an additional measure 
factor ilp(p^. Finally in this small i;^'^ limit, the nonpolynomial corrections to ^top after the 
OSV substitutions are all exponentially small. Hence the above formula is in satisfactory 
agreement with the original OSV conjecture at small (f)^ (and in perfect agreement with 
our refinement of it which we will derive in the remainder of the paper). 

2.4 A Rademacher-Jacobi formula 

For larger values of r, which is the regime relevant to the full OSV conjecture including 
instanton corrections, it is no longer sufficient to do a r ^ — 1/r modular transformation to 
extract approximate expressions for the degeneracies, because the subleading terms in the 
g-expansion are no longer sufficiently suppressed in this limit to justify throwing them away. 
The key observation which will allow us to make progress is that because of its modular 
properties, Z can be entirely expressed in terms of a some kind of "5'L(2, Z) average" of a 
finite subset of terms, analogous to the Rademacher-Jacobi or fareytail expansion of [p6|. 



At the end of section 2.2 we saw that transforms as a modular vector with weight^^ 



h - 1 

WH ■=w — (2.55) 

The theta function vector transforms in a conjugate way to ensure the transformation 



(2.31) of Z. This can also verified directly using general properties of theta functions or by 
Poisson resummation. Thus, under general SL{2, Z) transformations A, using the notation 
introduced above ( |2.31| ): 

ZiA-{T,C)) =u;AicT + drier + d)'2E[^—^]Z{T, C) (2.56) 

CT + d 2 

^^{A-{t,C)) = {cT + d)^{cf + d)\E[-^^—]M{Ars'^5{r,C) (2.57) 
H^{A ■t)=uja (cr + dr« M{A)-^^ Hs{t) (2.58) 
where uj^^M{A) is a representation of SL{2,Z) generated by 

M{Trs = 5^,5 6-'''^^'+^^" (2.59) 
MiS^s = |p|-V2e-2.^(7ll■^ll+£^)e-.f(/^-2) (2.60) 



The phases lot,ujs are given in ( |2.33| ), (|2.36 ) above. It is worth noting that it is crucial to 
have the extra phase e^'"^'^ in the partition function in order for the vector of functions 



to transform into themselves. 



We noted in section 2.S that w — —3/2 for proper Calabi-Yau manifolds but the following works for 



any value of w, so we will leave this an arbitrary parameter for now. 
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Now we would like to write a Poincare series for H^. Since the modular weight wh 



w — = —1 — h/2 is negative we should in fact first define the "dual" modular vector 



where L/(r) :=^^/(r), 



(2.61) 



which transforms according to ( |2.58| ) but with modular weight wh 2 — wh > 2. The 
reason for this is the following nontrivial identity, which can be verified by elementary 
means and holds for any differentiable function /: 



ar + b 



{cT + d)-^-^{L^f) 



ar + b 
CT + d 



^CT + d^ 

Next, it is convenient to define j{A, r) := ct + d so that 

j{AiA2,T) = j{Ai,A2T)j{A2,T). 

Finally, let Too be the subgroup of T generated by r — > r + 1. Then we claim 
Hy{r)= Yl {j{A,T)r"-^LO-/M{A)s,Hj{A-T) 



(2.62) 



(2.63) 



(2.64) 



Here (r) is the polar part of H.y{T), namely, the terms in the sum ( [2^ with negative 
powers of e'^^'^'^?^ Equivalently, because of ( 2.41 ), these are the terms with positive go- 
Note that there is a finite number of such terms. Their physical interpretation will be 
given in the next section. The quotient by Too is necessary because the factor uj^^M{A)s'y 
( |2.64[) cancels the transformation law of H~{t) for any yl = T^r + 6, The proof 

of ( p. 64 ) proceeds by noting that it is in the orthogonal complement of cusp forms, since it 
is in the image of the operator (2.61), but then it is completely determined by its Poincare 
series. See 126|, EtI for more details. 



Again using ( 2.62 ), one can formally pull out the '"'^ operation on the right hand 
side so, formally at least, we have for the original H^: 



Aeroo\r 



(2.65) 



where h^{T) is some function such that L^^^" h^{T) = 0, i.e., is a polynomial in r 
of order at most \wh\- (We assume here that \wh\ is integral. The case where \wh\ is 
half-integral is more complicated and we do not fully understand it.) 

Since wh < the series ( 2.65| ) is in fact not convergent. We can regularize it as follows. 
Using At = 



1 



c{cT+d) 



2nikAT 



we define the notation: 



N 



-2mk . 



N 

E 

i=o ■ 



—2TTik 
c{cT + d) 



(2.66) 



^Note that L commutes with taking the polar part, so the notation H is unambiguous. 
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and then, writing 



2-KikT 



(2.67) 



where k runs over -p^Z for some integer M, we replace the formal expression ( |2.65| ) by 



\wh\ 



(2.68) 



Aeroo\r fc<o 

where is a polynomial of order \wh\- We claim ( |2.6§| ) transforms like a form of weight 
wh , and extracting the degeneracies from the contour integral proceeds as in the case where 
we use the formal expression ( |2.65| ). 

The Poincare series representation of H^[t) can be lifted to a Poincare series repre- 
sentation of the partition sum Z[t, C) itself. Define the polar part of Z as 

Z-{t,C) :=Y,%{t,C)H-{t). (2.69) 

7 

Equivalently, this is Z truncated to the terms for which qq > 0. We can now substitute 
(2.68) into ( |2.39| ) and use (2.57) to get a Poincare series for Z. Introducing the slash 
operator 

C C2 



f{A-{T,C)), 



(2.70) 



CT + d 2 

on arbitrary function /(r, C), where E[. . .] was defined in ( |23^ ), this can be written as 

Z= Yl (2-71) 

where u = w = —3/2 and v = w = 1/2, and we dropped the divergent go = "countert- 
erms" lifted from the h^, which are not important for the purpose of extracting go 7^ 
degeneracies. 

While (|27l| ) win be our main formula it is perhaps worth remarking that one could 
define a convergent Poincare series for the quantity Z analogous to H^. To define Z, let 
us extend L as 

Id 1 92 



2-Ki dr 87r2 dCl 
Id 1 92 



L := L_+L. 



Plainly, L± annihilate ^'^ and hence 



2m df 8^2 Q(J2^ 

1 d 



1 92 



2m dCo 87r2 dC^ ' 



(2.72) 
(2.73) 
(2.74) 

(2.75) 



Repeating the same steps as before, but now using (|2.64D , we get 

z= Y 



\A_ 



AeFooV 



with u = 2-WH + ^ = -w + h + l = h + 5/2 and = 1/2. 



(2.76) 
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3. BPS bound states in supergravity 



3.1 Basic idea 

In this section we will argue tliat the BPS states corresponding to the polar part of the 
partition function, i.e. D4-D2-D0 states with qo > 0, can be concretely thought of as bound 
states of D6 and anti-D6 branes (each with lower degree charges turned on), which moreover 
can be made to split into those two constituents by moving the background moduli ioo to 
a wall of marginal stability, implying in particular that the degeneracies of these states 
factorize accordingly. In a suitable asymptotic regime, this factorization of degeneracies 
translates in a factorization of the partition function roughly of the form 



Z Ztop Ztop, (3-1) 

in other words, to the OSV conjecture. 

The starting point to derive this factorization is the observation, detailed below, that 
the polar charges do not have single centered black hole realizations in four dimensions, but 
instead are realized as two (or more) centered "molecular" bound states with nonparallel 
charges at the centers. This structure is mirrored to a certain extent in the microscopic 
D-brane description of these states, which we will develop in section ^ 

Even without getting into any of the detailed descriptions, there is a simple physical 
argument for why polar states always "split," in the sense that they can be made to decay 
in constituents at some wall of marginal stability. This goes as follows. 

The holomorphic central charge of the D4-D2-D0 system in the large radius approxi- 
mation is given by ( 2.1l| ): 



Z = -^P^Dabc{B + iJ)^(5 + ijf + Qa{B + iJ)^ - qo. (3.2) 

We claim that this has a zero in the interior of moduli space if and only if §o ■= Qo ~ 
D'^^QaQb > 0, where we recall that Dab ■= DabcP^ , D^^Dbc ■= ^c- To see this, first 
make the change of variables B ^ B: 

B = B + D^^Qb. (3.3) 

Then 

Z = -]^DAB{B + iJ)'^{B + ijf -q^. (3.4) 



Requiring Z = 0, leads to 



B-J = 0, i(j2-^2) = go, (3.5) 



where as before the dot product is defined using the metric Dab- Recall that J has positive 
norm squared and all vectors (in Lx) perpendicular to J have negative norm squared. 
Because of the first equation, B is of this kind, hence the left hand side of the second 
equation is strictly positive in the interior of moduli space, so we need % > 0. Conversely, 
when §0 > 0, we can take for example B = 0, Jq = \J 2go /P^ P and obtain Z = 0. This 
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proves our claim. Note that at large P, this result is guaranteed to be robust under adding 
instanton corrections as long as ^1. In particular this is true for the "most polar" 
states, that is states with go near (P^ + C2-P)/24, which will be of main interest in the 
derivation of the OSV conjecture. 

Now when the background moduli are at the zero locus at sufficiently large J, a BPS 
state of the given charge T = {p, q) cannot exist; if it did, the charge would correspond 
to a massless BPS particle at this locus, which would cause a singularity of the moduli 



space metric |57|, Such singularities exist at conifold points of the mirror complex 
structure moduli space, but are (more or less by definition) absent in the large J region. 
Since by assumption the state does exist when J ^ oo, there must be a wall of marginal 
stability separating the zero locus from J = oo. When crossing this wall of marginal 
stability coming from J = oo, the state decays in two BPS states with charges Fi and 

r = Pi + whose central charges are aligned on the wall: ai = argZ(ri) = 02 = 
argZ(r2) = a = argZ(r).2i 

As we will review below, decay at marginal stability is realized in the supergravity 
picture by two (clusters of) centers moving infinitely far away from each other. In this 
infinite separation limit, one physically expects the degeneracies to factorize. In particular 
the Witten index Q of this configuration, which is independent of the background moduli 
as long as the wall of marginal stability is not crossed, can be expected to have a fac- 
torized form 0(r) = 0,(T2) ^1{T2)- There is a slight subtlety however, in that quantizing 
the position degrees of freedom of the two parts produces an additional lowest Landau 
level degeneracy |(ri,r2)|, where (ri,r2) is the Dirac-Schwinger-Zwanziger symplectic in- 



tersection product ( A. 2 ) on charge space. As we review under ( |3.24| ), this is most easily 



understood by noting that a 2-centered BPS bound state carries an intrinsic angular mo- 
mentum J = ^(|(ri,r2)| — 1), leading to an additional degeneracy 2J -|- 1. Moreover, this 
intrinsic spin changes the fermion parity by a factor (— l)^-^ = (— l)^'"!''"^)-!^ which appears 
in the index Q, defined as in ( |1.6| )-([L7|). Thus, summing over different possible splits of P, 
we arrive at a factorization formula for polar states of the form 

o(r)= 5^(-i)<r^'r^>-^Kri,P2)|0(ri)i7(r2) (3.6) 

ri,r2 

where the sum runs over allowed charge splits (p, q) = P = Pi -|- P2 (with Pi, P2 primitive). 
We have been sloppy here in the sense that we did not specify at which t the indices should 



be evaluated. We will make this precise in section 5.1. 

Precisely which splits can be realized by decays of actual bound states and therefore 
have to be summed over is a highly nontrivial question, and analyzing this as well as to 
what extent it leads to the factorization (|3.l| ) will in fact take up much of the remainder 
of this paper. As a byproduct of this analysis however, we will obtain several new insights 
in the structure of BPS states which are of independent interest. 



Recall that because of the BPS condition, decay is only energetically possible when the phases of the 
constituents align. 
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3.2 Review of BPS black hole bound states and attractor flow trees 

In many cases, BPS D-brane states at g's|r| <C 1 correspond to single centered black holes 



in four dimensional supergravity at gs\^\ ^ 1- However, this is not always the case [58, 21 
It might even happen that a single centered BPS solution of the given charge does not exist 
at all. This is the case when the attractor flow corresponding to this charge terminates 
on a zero of the central charge Z ai a regular point in moduli space []59| , |60| ]. In such 
cases, it is necessary to consider more general multicentered BPS black hole bound states 



1 21, 22, 23, These are stationary but in general non-static BPS solutions of supergravity 
1 61, with non-parallel charges at the centers. The distances between the centers are 
constrained by equations depending on the charges and the moduli at spatial infinity, and 
there is a potential energy exceeding the BPS bound when going off the constraint locus. 
Hence unlike the usual parallel charge multicentered BPS solutions, these are genuine bound 
states. Moreover, although time independent, they carry an intrinsic, quantized angular 
momentum, due to the Poynting vector field produced by the simultaneous presence of 
electric and magnetic charges. 

As we saw above, the BPS states corresponding to the polar part of Z have regular 
zeros and therefore are of this type: they do not have single centered solutions, so they 
must have realizations as multicentered bound states. On the other hand D4-D2-D0 states 
with go < do have single centered solutions, but here we will find a surprise (described in 



section 3^): when all charges are linearly scaled up by some sufficiently large A, in addition 
to the usual single centered solutions, there are always two-centered BPS configurations 
whose Bekenstein-Hawking entropy is parametrically larger than that of the single centered 
solution, growing as A^ instead of the single centered growth A^. Clearly, this creates 
some tension with the OSV conjecture, which predicts to leading order the single centered 
entropy growth logO(Ar) ~ A^. To what extent this is a problem for the conjecture will 
be discussed in detail in section 0. 

3.2.1 General stationary BPS solutions 

Let us now review the description of these solutions in more detail. The metric of a BPS 
solution is always of the form 

ds^ = -e2^^(dt + a;)2 + g-^f^dx^ (3.7) 

satisfying the BPS equations of motion^^: 

2e-^Im(e-^"J7nrm) = -i^ (3.8) 
*sduj = {dH,H). (3.9) 

where *3 is the Hodge star on flat M'^, finrm and (•, •) are defined in appendix and e*" 
is the phase of Z(T;t). The function : — > i7'^™'^(X, M) is harmonic with poles at the 
centers. For an n-centered configuration with charges Fj in asymptotically flat space: 

H{x) = y -JKj - 2Im(e-^°r?nrm)|r=oo. (3.10) 
^— ' \X — Xi\ 



^We neglect corrections |62|, which is justified in the large charge limit 



-30- 



The phase field a{x) satisfies the boundary condition a\r=oo = arg ■^(r)|T-=oo) with Z given 
by O. 

In this subsection the period vector and central charge will always be the normalized 
versions, so to avoid cluttering the formulae we will henceforth not explicitly write the 
subscripts indicating this. 

For a single center (|3.8|) reduces to the attractor flow equation 



2e-^Im(e~*"0) = -rr + const., r = 1/r. (3.11) 
The moduli at the horizon r = oo are fixed by the attractor equation 



2im(z(r;t,(r))Q) = -r, (3.12) 

and the Bekenstein-Hawking entropy is given by 

S{T) = Tr\Z{T-MT))\^ (3.13) 

evaluated at the attractor point. Attractor flows are gradient flows of log |Z|^ [59, 6^], hence 
the right hand side of this expression is minimized at the attractor point |6^. Equations 
( 3.12D -( p.l3| ) hold in the multicentered case for each center separately; in particular the 
attractor point and horizon area for each constituent black hole is not affected by the 
presence of the other centers. 

Under the substitutions ( 1.10| ) and identifying T = {p, q) , the attractor equations can 
alternatively be written as |10| 

27TqA = -^MpA)- (3.14) 

where To = log |Z^^^p~°^p is the genus zero^^ free energy [^], again with the substitutions 
( 1.10 ). The entropy is then obtained as the Legendre transform of the free energy: 

S{p,q)=J'o{p,cP)-2nqAcl)^. (3.15) 



It was shown in that ( |3.8| )-(|3^) (as well as the equations giving the electromagnetic 
field) can be solved completely explicitly given just this entropy function. For example, 

g-2C/(x) ^ s{H{x))/Tr, (3.16) 
while the moduli fields t^{x) in our conventions are obtained as 



(3.17) 

{p,q)=H{x) 



Depending on the model and the charges, (approximate) expressions for S may or may not 
be obtainable analytically. In the large radius approximation, the general attractor solution 



^The restriction to genus zero is due to the fact that we are neglecting corrections. 
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was derived in ||6^ (see also [q^], sec. 9). Parametrizing a general charge T £ 
as 

r = re^(l- p + nuj) 



(3.18) 



where r G M, 5 E H'^{X,R), [3 € H^{X, 
to have an attractor point is: 



nuj £ F^(X,M) (with /^u; = 1), the condition 
p := 8(y^)^ - > 0, := /?, F G Kahler cone, (3.19) 



with entropy 



S 



TT 



V. 



(3.20) 



In this case, the region in H^{X, M) for which S is real and positive is the region for which 
the discriminant T> is positive; we denote this region in general by dom^*. 

Returning to the general multicentered case, we note that equation (|3.9| ) has nonsin- 
gular solutions if and only if the following integrability condition, obtained by acting with 
d*3 on both sides, is satisfied for all centers i: 



N 

\X' 



2Im {e-'^'ZiTi))^ 



(3.21) 



In the case of just two charges Ti and this simplifies to 

(ri,r2) _ (ri,r2) l^i + Zal 



\Xi - X2\ 



2Im(e-*°Zi)oo 2 Im(ZiZ2) 

Since distances are positive, a necessary condition for existence in this case is 

(ri,r2)im(ZiZ2)oo >o. 



(3.22) 



(3.23) 



From ( |3.22 ) it follows that the separation of the centers diverges when such a wall is 
approached from the side where the above inequality is satisfied. Thus, this process is the 
4d supergravity realization of decay at marginal stability. 

A crucial property of these multicentered solutions is that despite being time- independent, 
they carry intrinsic angular momentum l^ljl, stored in the electromagnetic field, much as 
for electron-monopole pairs. This is given by 



i<j 



^ Xi 



(3.24) 



In particular for a two centered configuration, the angular momentum stored in the elec- 
tromagnetic field equals J = ^|(ri,r2)|. The presence of this angular momentum implies 
that quantizing this 2-particle "monopole-electron" system will give rise to a ground state 
degeneracy. The quantization of this system was studied in great detail in [^], also for 
more complicated multiparticle systems. One subtlety that was uncovered there was that 
the position hypermultiplet degrees of freedom of the particles arrange themselves such 
that the effective total angular momentum of the BPS ground state is lowered by 1/2, to 
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a total of J = |(|(ri,r2)| — 1)- This was derived explicitly in [^] by constructing the 
ground state wave functions, but if we think of the system as a light electron Fi moving in 
the background field of a heavy monopole this can physically be understood as follows. 
If the electron Fi lived in empty space, it would have a half-hypermultiplet (0,0, |) of 
BPS states associated to its position degrees of freedom in M^. However in the case at 
hand it is moving in the magnetic field of the monopole and the interaction between 
this radial magnetic field and the hypermultiplet spin degrees of freedom in fact selects out 
a single energy minimizing state in the hypermultiplet, essentially spin 1/2 down in the 
radial direction. As a result, the total angular momentum is lowered by 1/2, as claimed, 
and the total ground state degeneracy (factoring out the decoupled center of mass half- 
hyper) equals 2 J + 1 = |(ri,r2)|. This can also be interpreted as the lowest Landau level 
degeneracy of an electron confined on a sphere surrounding a magnetic monopole. 



3.2.2 Existence criteria and attractor flow trees 

Whether or not multicentered BPS solutions of given charges Fj and positions Xi actually 
exist is in general a rather nontrivial problem. Necessary and sufficient conditions are: 

1. The integr ability conditions ( |3.21| ). 



2. To keep the metric warp factor real in (|3.16| ), H{x) must have positive discriminant 
'D{H{x)) > 0, that is, must lie in domS" for all x £ M'^. 

3. The fields t^{x) must remain within the physical moduli space for all x G M^. 



In particular, conditions such as Fj G domS" for all i 
general not sufficient for existence of a BPS solution. 

Now ideally, one would like to have 
a local necessary and sufficient existence 
criterion in terms of the charge and the 
background moduli only. The first con- 
dition above is local and easy to evalu- 
ate, but not sufficient, and the second 
and third conditions are not local, as 
they require information about fields at 
all X. Unfortunately, a local necessary 
and sufficient existence criterion is not 
known, and given the intrinsic math- 
ematical complexity of stability condi- 
tions in the theory of derived categories 
(see e.g. this is probably 

too much to hope for. 



and ( 3.2l| ) are necessary but, in 




Figure 1: Sketch of an attractor flow tree. The dot- 
ted lines are lines of marginal stability and the squares 
are attractor points. 



In 1 21 1, an existence criterion was proposed in terms of attractor flow trees, also called 
split attractor flows: a solution exists iff an attractor flow tree exists in moduli space 
starting at the background value of the moduli and terminating at the Fj attractor points. 
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Each edge E of an attractor flow tree is given by a single charge attractor flow for some 
charge Te, charge and energy is conserved at the vertices, i.e. for each vertex E — > (Si, £'2)1 
= r_Ei +'^E2 ^-iid |Z(r£;)| = |Z(r£;j)| + |Z(r^2)l- The last condition is equivalent to 
requiring the vertices to lie on a line of marginal stability: argZ{TEi) = argZ(r£;2). A 
number of arguments in favor of the equivalence with the full existence problem were given 



in |22|, and a practical approach for computing split flows on the quintic was developed in 

The split flow approach gives a reasonably practical criterion in sufficiently simple 
examples, but it often requires case by case analysis, and is therefore perhaps not as 
powerful as one would wish as a general systematic test. Nevertheless, it will be quite 
useful in our analysis below. Note that it is not always necessary to construct the precise 
flow tree to argue for its existence; for example to argue for existence of a split flow with 
two endpoints, it is sufficient to establish the existence of the two attractor points and the 
existence of a wall of marginal stability between the starting point and the endpoint of the 
single flow with charge T (either a zero of Z or an attractor point). 

In appendix ^ we outline an efficient algorithm for numerically checking existence of 
flow trees. 

The general uplift of arbitrary multicentered IIA/CY3 solutions to M-theory has been 
discussed in |7^, 71, |7^, 73 1, generalizing |74, ^ |7^, |7^, ^] and relating some of these 
solutions in four dimensions to the multi-black hole/black ring and "bubbling" solutions in 



five dimensions studied e.g. in |80|, [Tg, [79|]; see [^] for a recent review. In [[76|, |78|, |79|, it 
was pointed out that the 4d condition of having positive discriminant for H(x) everywhere 
is equivalent to the 5d condition of having no closed timelike curves, which is similarly 
nontrivial to verify directly. Through the correspondence given in those works, the flow 
tree picture reviewed here is thus directly applicable to existence and classification of 5d 
solutions as well. 

In any case, what emerges from examples is that existence of a certain T — > Yli 
bound state realization is highly constrained; in particular, although a priori there is an 
infinite number of ways of splitting up a given charge, only a finite number of those turn 
out to correspond to a flow tree. Physically this is as expected, since an infinite number 
would imply an inflnite degeneracy of BPS states of a given charge. Some more direct 
general arguments, based on the monotonic decrease of \Z\ along attractor flows, were 
given in appendix A of |23|. Part of this argument is made more precise in appendix j^. 

To summarize: Throughout this paper we will assume the truth of the following split 
attractor flow conjecture, which we consider to be very well-founded: 

Split Attractor Flow Conjecture: 

a) The components of the moduli spaces (in Xj) of the multicentered BPS solutions 
with constituent charges Pj and background too, are in 1-1 correspondence with the 
attractor flow trees beginning at t^o and terminating on attractor points for Pj. 



^'*Even if some states associated with different flow trees mixed and were lifted quantum mechanically to 
near-BPS states, the number of states below any finite energy scale should be finite. 
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b) For a fixed too and total charge T there are only a finite number of attractor flow 
trees. 

We note the following subtleties: 

• Finiteness is of course only valid when charge quantization is imposed, and hence is 
not strictly speaking a property of the classical theory. 

• It is useful to distinguish between attractor flows terminating on regular points in 
moduli space and those associated to pure electric or pure magnetic charges which 
flow off to infinity. Since the latter case leads to (mildly) singular solutions, some 
argument that transcends supergravity is strictly speaking required to establish the 
existence of the corresponding BPS states. 

• It is not true that a single flow only corresponds to a single centered solution. Indeed, 



as we will see in section p.8| , there exist multicentered solutions which are in some 
sense continuously connected to a single centered solution. These are the so-called 
"scaling solutions", first identified in which develop a capped off AdS2 x S"^ 
throat with a scale modulus A parametrizing the depth of the throat, and which 
asymptotically for A — > become indistinguishable from a single centered black hole 
for a distant observer. Such configurations cannot be forced to decay at a wall of 
marginal stability, and thus are not described by a split attractor flow (since a split 
flow can always be made to decay by crossing the wall of marginal stability on which 
the split occurs). 

3.2.3 Attractor flow trees and the Hilbert space of quantum BPS states 

So far we discussed the relation between attractor flow trees and classical BPS solutions of 
four dimensional supergravity. However, the attractor flow criterion for existence of BPS 
states can be argued to be valid beyond the classical four dimensional supergravity picture. 
As we mentioned above, even for purely electric charges, which lead to singular 4d gravity 
solutions and are better described as probe particles, the flow tree picture continues to 
hold. Moreover, flow trees can be given a purely microscopic interpretation. This was done 
for the IIB description of BPS D-brane as special Lagrangians in |69|, and we will sketch a 
more general argument based on tachyon condensation of open stretched strings in section 



4.1. Finally, after quantization of the four dimensional BPS configuration moduli space of a 
given charge T with moduli at infinity too , the partitioning of this moduli space by attractor 
flow trees leads to a partitioning of the corresponding BPS Hilbert space Ti.{T;too)- This 
suggests that attractor flow trees provide a classification of BPS states independent of any 
particular picture, more refined than classification by total charge only, but coarser than 
distinguishing individual states. 

In fact a general physical argument for this idea can be given, as follows. The starting 
point is the physical expectation that at an attractor point for charge Fj, (irreducible) BPS 
states exist with that charge, while at a zero of the central charge at a nonsingular point 
of the moduli space, there cannot be any BPS states (since zero mass BPS states lead to 
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singularities). The crucial second ingredient is the observation that if a BPS state of some 
charge T exists at a certain point in moduli space, it will continue to exist at all points 
along the attractor flow for that charge T passing through this point, when one follows the 
flow in the inverse direction, that is decreasing r in ( 3.11| ). This can be seen as follows. A 



BPS state can only disappear when it decays at a wall of marginal stability, when crossing 
the wall from the side where the stability condition ( |3.23D is satisfied to the side where it 
is not. However, an inverted attractor flow will always cross any such wall in the opposite 
direction, i.e. from unstable to stable. Indeed, say we are near a wall of F — > Pi + r2 
marginal stability. By taking the intersection product of ( |3.1l| ) with Pi, it follows that 
2 e~'^Im(e~*"Zi) = — (Pi,P) r + const., which can also be written as 

2e"^Im(ZiZ2) = -(Pi,P2) |^|r + const. (3.25) 

From this it is clear that (Fi,F2)Im(Zi Z2) can only increase along an inverted attractor 
flow, which proves our claim. Thus, if we have a split attractor tree, we can start with BPS 
states of charge Fj at the attractor points, let them flow up along the tree edges, "glue" them 



together (microscopically through tachyon condensation as will be reviewed in section 4.1 



macroscopically by creating multicentered configurations, initially with infinitely separated 



centers) at the MS vertices, as described in section 3.1, and then continue to flow up with 
this newly formed BPS state, all the way to the starting point of the tree, where we end 
up with a BPS state of the required total charge F. 

Conversely, we can start with a charge F and some point t in moduli space, and consider 
the Hilbert space TC{T;t) of BPS states with charge F at t. When flowing down along the 
attractor flow starting at t, some states might decay by splitting in two BPS states at walls 
of marginal stability, reducing the Hilbert space in size. Whenever such a decay occurs, we 
can associate to this event a flow split in the obvious way. The procedure can be repeated 
for each of the constituents separately starting from the split point, and so on, until each 
flow branch terminates in an attractor point. This algorithm decomposes 'H(F; t) in sectors 
labeled by different flow trees, according to the decay pattern under the procedure just 
described. 

Thus we arrive at the picture that flow trees label different sectors of the Hilbert space 
of BPS states of a given charge in a given background, independent of the description of 
these states. 

We note the following subtleties: 

• Although every flow tree is associated to a component of the moduli space of classical 
BPS solutions, not all of these components survive quantization. The reason for this 
is the Pauli exclusion principle; for example, even if classically we can form a bound 
state of some charge Fi with an arbitrary number of charges F2, if the F2 particles 
happen to be fermions and their number is larger than the number of available one- 
particle BPS ground states, the exclusion principle forbids a BPS bound state. This 
was discussed in detail in [1651. 



The different sectors of 7i{T;tao) labeled by different flow trees are not necessarily 
superselection sectors, as quantum tunneling might occur between different configura- 
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tions with the same charge. For the same reason, part of the BPS states obtained say 
by quantizing different classical components of moduli space might in fact be lifted 
due to quantum tunneling. Presumably these tunneling amplitudes are exponentially 
small in some measure of the charges involved. Similarly, tunneling phenomena may 
occur when starting from the microscopic D-brane picture of these states at zero 
string coupling. In this case the suppression can be expected to be exponentially 
small in the inverse string coupling. However, the index is of course not affected by 
this, and can be computed in any semiclassical picture. It would be interesting to 
investigate these tunneling phenomena in more detail. 

3.3 Symmetries 

Scaling symmetries will be a powerful tool in the following, so we describe these in detail 
here. 

The BPS equations of motion (neglecting corrections) always have the following 
scaling symmetry 

T^fiT, t'^^t^, Stop ^ S'top/M, x^fix, (3.26) 



with g'top defined as in ( 1.10| ), while the OSV potentials scale as ^ — > ficf). Under this 
scaling, the leading order entropy (i.e. without corrections governed by the higher 
genus topological string amplitudes) scales as S ^ fi'^S. Moreover in the large fi limit, R^ 
corrections can be consistently neglected, so this scaling becomes exact. 

In the large radius regime, dropping all instanton corrections, there is a less trivial 
additional scaling symmetry: 

(/,P,Q,(?o) ^ (/,AP,A2Q,A3go), t^^At^, <?top ^ Stop, f ^ A^/^f , 

(3.27) 

with the OSV potentials remaining invariant. The corresponding leading order entropy 
scales as 5 — > X'^S. Moreover in the large A limit, instanton corrections can be consistently 
neglected, so this scaling becomes exact. 

There are also two useful discrete symmetries. The first one is simply charge conju- 
gation r — > — r with everything else invariant. This is valid in all regimes. The second is 
only valid in the large radius regime and given by 

r^r, i.e. (/,P,Q,go) ^ (p°,-P,Q,-go), B^-B. (3.28) 

This leaves the entropy invariant but inverts intersection products: (r^,r2) = — (ri,r2). 
Furthermore, the central charges transform according to 



Z{T*;t) = -Z{r;-t). (3.29) 

Microscopically it corresponds to taking the dual of the object in the derived category. 
In the case of objects described by vector bundles, this simply amounts to inverting the 
curvature, F — > — F. 
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Finally, there is a gauge symmetry 

r ^ e^r, B^B + S. (3.30) 

If we neglect charge quantization, this is a continuous symmetry, otherwise S has to be 
integral. This descends from the usual gauge symmetry which simultaneously shifts B and 
the worldvolume flux F. Note that if there are no walls of marginal stability between B+iJ 
and B + S + iJ, then B ^ B + S with fixed F is a symmetry of the BPS spectrum, and 
hence because of the above gauge symmetry, likewise F — > e'^F with fixed 5 is a symmetry 
of the BPS spectrum. This is the case for D4-D2-D0 systems in the large J limit. As we 
will see though, this is not so in general for D6-D4-D2-D0 systems, not even at J ^ oo. 

3.4 A class of examples 

We will now give a class of explicit examples relevant to our analysis below. Consider the 
charges 



Fi 


~ P2 p3 
= ^62^ (1-/3 7^-"'—) 


(3.31) 




= ^+2+(8-^)V + (48-|-^)7^ 


(3.32) 


r2 


P ~ P2 p3 

= -re 2. 


(3.33) 




P A 1 ^ p3 

= -^+2-^8-^)^ + ^48-2-^)7^ 


(3.34) 


F 


:= Fi+F2 = P + (^-^-2n)^. 


(3.35) 



Here r > is a D6-charge, P = P^Da G H^{X) a D4-charge which we take to be inside 
the Kahler cone (i.e. P > 0), the terms proportional to P^ = DabcP^P^D'^ ^ H^{X) are 
D2-charges and those proportional to P^ are DO-charges.^^ We will work in the large radius 
and large charge approximation, i.e. we will retain only the cubic part of the prepotential. 

We choose this paramctrization such that /3 and h are invariant under the rescalings 
discussed in the previous subsection, and to simplify the entropy formulas of the two 
constituents as much as possible. Note that F2 is the conjugate dual charge to Fi (i.e. the 
F2 is the image of Fi under the combined action of the two discrete symmetries described 
in the previous subsection). This makes this class of examples particulary symmetric. The 
case P = h = corresponds to the bound state of a pure D6 with flux P = ^ 1^ and the 
anti-brane of a pure D6 with flux F = Ir -^^ 

In what follows it will also be convenient to use the variables 

^:=^-/3-2n, /x := ^ - A (3.36) 

which are proportional to the DO resp. D2 charges of the constituents. 

^^Wo consider to be an element of H^{X) or a real number, depending on context. 

^® Since we work in the supergravity approximation in this subsection, we ignore flux quantization. 
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When the total DO-charge is negative, i.e. < 0, there exists a regular attractor point 
for the total charge F, at 



B = 0, J = \/ —<ov — , (jtop = with entropy S = 2'K\J —v — . (3.37) 

On the other hand, as we saw before, when z/ > 0, Z{T^ has a zero locus; for example 
Z(r) = at i? = 0, J = y/2h'^. Therefore the attractor flow associated to F will crash on 
a regular zero, and no single centered BPS solution exists. 




Figure 2: Left: Bound state features of the 2;-plane for parametrization B + iJ = zP/r, for a polar 
case (3 = f.25 x 10~^, n = 0, Zoo = 1.1 i. The green (upper) line is the line of marginal stability, 
where the phases of Zi and Z2 align. On the red (lower) line, the phases anti-align. The red cross 
is the zero of Z{T). The fat split purple line is the attractor flow tree, and the black lines forming 
a pair of pants around this skeleton are the image of the moduli field z(R^), following radial lines 
(and a few r = constant lines) out of the midpoint between the centers x — 0. Right: Analogous 
plot for a nonpolar case 24i/ = —.01, 8/i « 0.49 {/3 « 0.064, n « —0.01). The blue square on the 
imaginary axis is the attractor point of the single flow for T which exists for this value of ly. 

Thus, to verify if F exists as a BPS bound state of Fi and F2 when > 0, we first need 
to check if a wall of F — > Fi + F2 marginal stability exists between the zero and the value 
of the moduli at spatial infinity. Taking B = at spatial infinity, we can follow a path 
from the moduli there to the zero locus parametrized by B{y) = 0, J{y) = yP/r, where y 
goes from y = y^o (which we can think of as very large, since we are primarily interested 
in BPS states in the large radius limit) to y = \/2z/. Along this path 

Z(Fi) = (-^ + yl + ^^y-'^^^, Z(F2) = Wi)- (3.38) 
Note that the phases of Z{Ti) and Z{T2) align iff they are both real, which is the case at 

y = yras = \/6/I- (3-39) 
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Thus for this to happen along the path when y^o oo, we need 



(fori^>0), i.e. p-n<- (foi (3 + 2n < ^) . (3.40) 
3 6 



In the nonpolar case < 0, although there are single centered black hole solutions, 
there might still be 2-centered solutions as well. In other words it might happen that 
both a single flow and a split flow exists for a given charge. For this to happen, the wall 
of marginal stability must separate the attractor point from the value of the moduli at 
infinity. This leads to 

^l>-u (forz^<0), i.e. /3 + n < ^ (for /3 + 2n > ^). (3.41) 



It is instructive to evaluate the necessary condition for existence ( p. 23 ), which in the 
case at hand gives 

(Ti , Ts) Im(Zi^)oo ~ (/i + i^) {yl - 2u) (y^ - 6/i) > 0. (3.42) 

Note that although this is always positive in the limit i/oo oo when fi > —v, this is 
not enough to guarantee the flow splits, as we just saw. Although the stable side of the 
marginal stability line y = -y/B^ near this line is characterized by a positive value of the 
left hand side, the latter becomes also positive when we continue into the unstable side 
and cross the line of aniz-marginal stability y = \/2^', where the phases anti-align. To 
guarantee that yoo does not lie in this region, we need that the marginal stability line lies 
above the anti-marginal stability line, i.e. 6/x > 2i/. 

Finally, note that when the background moduli are chosen to be at the attractor point 
for r, the stability condition ( ^.23 ) is not satisfied, so there will in any case be no 2-centered 



bound state for this value of the moduli. This is true in general, being a direct consequence 
of (PI). 

Of course, (|3l0|) or (|3ll| ) are not sufficient to guarantee the existence of a 2-centered 



black hole solution based on the split flow with two endpoints. In addition we need both 
Fi and F2 to have attractor points, i.e. ( |3.19| ) needs to be satisfied. In the case at hand 
this reduces for both centers to 

p = 8/3^ - > 0. (3.43) 
The attractor point is then B + iJ = z*(Fj) with 

,^ - 1 3h + _ , 1 —3n + i^/V , , 

The corresponding entropy is 

Si = S2 = ^^ — . (3.45) 
3 r 

Note that when r = 1, the total charges in the limiting case P = n = are exactly 
those of a pure D4-brane wrapped on P. In particular the DO charge is % = Qo = -P^/24, 
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Figure 3: Region in {n, /3)-space supporting two-centered black hole bound states (yellow shaded 
triangle). The red curved line is the black hole bound (3.43), the upper green line represents the split 
bound ( |3.40| ) for the polar case and the lower blue line is the split bound ( |3.41 ) for the nonpolar case. 
The purple dotted line, corresponding to = 0, separates polar from nonpolar charges; the polar 
region lies below. The blue boundary corresponds to the limit in which the intersection product 
and hence the separation between the two centers vanishes. The rightmost boundary vertex gives 
the most negative value of the total DO-charge v, v^nin = (3 — 2^/3) /8 ~ —0.058. The origin gives 
the most positive value, i^max ~ 1/24. The vertex on the left through which all lines pass has 
(n,/3) = (-1/24,1/8), (m,/^) = (0,0). 



which as we saw in section |2|, eq. ( |2.42| ) is indeed the highest possible value of qo-'^'^ This 
suggests that the pure D4 is in fact a bound state of a pure D6 plus flux and a pure anti-D6 
plus flux. We will confirm this picture in detail in the next section, both microscopically 
and macroscopically. The cases with /?, n small then correspond to adding a "dilute gas" 
of D2 and DO branes to these D6 and anti-D6 branes. 

For r > 1, the total DO-charge is not that of a single smooth D4-brane wrapping the 
class P, but rather that of r D4-branes each wrapping the class P/r, as might have been 
expected from a bound state of rank r D6 and anti-D6 branes. In particular the DO-charge 
is r (P/r)^/24, which when P is very large has a large gap to the most polar charge P^/24 
obtained at r = 1. Hence such configurations enter far from the most polar terms in the 
partition sum Z. This will be important for the derivation of the OSV conjecture later on. 

3.5 The Entropy Enigma 

The example of the previous section illustrates a remarkable phenomenon, namely, when 
we scale up a nonpolar total charge F — > AF, with A — > oo, the 2- centered BH entropy 

^''at least in the large charge supergravity approximation in which we are working in this subsection, 
which drops the subleading C2-P/24 correction. It is not hard to check that this correction is also correctly 
reproduced after taking into account the C2 corrections to the Vi. 
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dominates over the single centered BH entropy, scaling as h? as opposed to the single 
centered h? ! Here we define the 2-centered Bekenstein-Hawking entropy as the sum of the 
Bekenstein-Hawking entropies of the two individual constituent black holes. 



First, let us recall from section 3^ that in the large A limit, the single centered entropy 
always scales as 

5i center (Ar) =A25(r). (3.46) 



This is easily seen to be true for ( 3.37 ), but extends beyond the large radius approximation 
in which that expression is valid. 

Now let us compare this to the two centered case. To illustrate our point, consider 
the case r = 1, n = 0, /3 = 1/24, which is clearly inside the stability domain of fig. ^, and 
corresponds to = 0, ^ = 1/12. The total charge is then simply F = P, so we achieve 
uniform scaling by P ^ AP. But then from ( 3.45| ) 



Thus we get the claimed A'^ scaling. Note that this is not the only configuration with total 
charge T = P. Other configurations will have different numerical prefactors replacing 

This behavior is completely generic and valid for any D4-D2-D0 charge F which is 
uniformly scaled up (if P > 0). To see this, first note that because of the shift symmetry 



discussed at the end of section |3.3| , we can assume the D2-charge to be zero without loss of 
generality. Then we can as above split F = (0, AP, 0, Ago) into Fi^2 = + A-^ ± h?^^ + 
A^;^ for some suitably chosen Because of the second scaling symmetry discussed in 



section 3J, this exists as a 2-centered solution iff the split into Fi^2 = + "f ^ A^^T" + 



2 r ' 2A2 

exists. In the limit A oo, the last term (the DO-charge) can be neglected, so this boils 
down to existence of a 2-centered configuration in the class of examples given above with 
u = 0. Obviously there are plenty of such configurations; the example given in the previous 
paragraph is one possibility, but it is easy to see that there is a whole family of more general 
choices of r, /? and n leading to a 2-centered configuration. 

For any such choice, the total BH entropy is nonzero and scales as A'^, because this is 



how S scales under the second scaling symmetry of section |3.3 . 

This establishes the existence of 2-centered BPS black hole bound states at Jqo suffi- 
ciently large (> 0{A)) for any charge AF where F = (0,P > 0,Q,qo) and A — > oo, with 
entropy scaling as A^ rather than the single centered scaling A^. Note however that when 
Joo is kept fixed at some finite, A-independent value, eventually, the 2 centered solutions 
will cease to exist. The reason is that the wall of marginal stability for the configuration lies 
at a value of J of order A, which when A — > oo runs off to infinity, moving our background 
point out of the stability domain. 

Note also that this is not in contradiction with the microscopic computation of the 
entropy of D4-D2-D0 systems in |^, ^ and its successful matching with the single centered 
entropy, since the regime of validity of this computation is |^o| ^ P^, precisely the regime 
in which there are no multicentered solutions, and a regime from which one automatically 
exits when all charges are uniformly scaled up. 
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Nevertheless, since this scahng is surprising, to say the least, in the remainder 
of this section we will justify carefully the validity of these solutions, and of the entropy 
computed from them. 

Let us fix a particular two centered solution and denote the fields and parameters 
associated to this by a subscript 0, e.g. Tq is the total charge, Bq + iJq the moduli fields 
and so on. For simplicity, let us more concretely consider some case with u = in our class 
of examples (so that Tq = Pq and scaling Pq is equivalent to scaling Fq), in some asymptotic 
background (Bq + iJo)\oo = -^oloo-^ with zo|oo above the line of marginal stability. We can 
scale up 

r^^ro, P^^APo (3.48) 

without affecting the split attractor flow in rescaled coordinates z defined hy B + iJ =: 
zy. Since Imz stays bounded away from zero, we thus see that when A oo, we have 
J = JqA oo and the large CY radius approximation (dropping instanton corrections) is 
justified. 



Note that the ^-scaling implements the symmetry (3.26), while the A-scaling imple- 



ments (3.27). Consequently all characteristic length scales L of the four dimensional solu- 



tions can be expressed in the form 

L = coCA^/^ei, (3.49) 

where cq depends only on tq, Pq, n-o, Po and to loo- Hence all curvature radii in 4d Planck 
units go to infinity when A ^ oo. Note that this scaling also implies the A^ scaling of 
the entropy is consistent with holography, since the area in Planck units of any surface 
enclosing the centers will scale as A^. 

To express L in string units, we use £4 = g^d^s where g^d is the four dimensional 
IIA string coupling constant, related to the ten dimensional guA by g^^ = ^jj^/^iiA) with 
ViiA = J^/(i the IIA CY volume in string units. Considered as a field, gid{x) sits in a 
hypermultiplet and does not vary over space (so 5'iia(^) does vary, since J(x) does). Hence, 
keeping the asymptotic value of guA fixed at giiA,o, we have the scaling 

L = ^^e4, (3.50) 
V niA.o 

where guA,o and T^ia.o should be thought of as asymptotic values at spatial infinity. Note 
that equation ( 3.50| ) no longer scales with A, but we can still make it as large as we wish 



by scaling up i.e. by considering large r, so at least in this regime higher order curvature 
corrections are certainly under control, and we have no reason left to doubt our solutions. 
Related to this, note that the effective topological string coupling constant as given by 
dl.lOD , which controls F-term corrections, does not scale with A though it does scale 
as 1/^, according to (l3.26| ) and (|3.27|) . 



One could worry about cases with small r, since in this case at small giiA,Q the char- 
acteristic distance scales are small in string units, so one might fear that corrections 
will get out of control and we cannot trust the entropy formula we found. However in 
this case we can switch to the M-theory description using the 4d-5d correspondence of 
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fTOj , [n] , |76| , 77] to get a reliable picture. To achieve this, instead of keeping the asymptotic 
value of g'liA fixed, we let it scale with A to keep the M-theory CY volume in lid Planck 
units Vm = g^][ fixed, which amounts to taking (7iia(A) = A^/^(7nA,o- Since gnx = J^J^ 
where Rm is the radius of the M-theory circle in lid Planck units, this means we have 

Rm = ARm,o, L = J'\ gA^/^ (3.51) 

where we used ^iia.o^s = Rm fi^ii- Hence we see that all characteristic length scales of the 
solution (including Rm) go to infinity in lid Planck units when A — > oo. Moreover the 
M-theory CY volume Vm = Vufi = R^qJq/^ is constant over space, remains constant 
under the scalings and can be taken as large as we wish (as it is a hypermultiplet scalar). 
Finally we can also take Rm,o as large as we wish, by taking the IIA asymptotic Kahler 
class Jo large (although this changes a vector multiplet scalar, we saw this preserves the 
2-centered solution). 

The 4d solution near the D6D4D2D0 centers lifts up to a 5d BMPV spinning M2 black 
hole with qM2 = i/^-^- ~ '^A^, J| = ~ gA^ located at the center of a quotient 



of Taub-NUT [^], which was shown in |70| to have exactly the same Bekenstein-Hawking 
entropy as the corresponding 4d black hole, scaling as S" ~ ,g^A^ in the case at hand. 

Thus we conclude that even for small r, the enigmatic A'^ entropy growth we find is 
reliable. 

From the point of view of the topological string, this is perhaps more surprising. 
Solving (|3.14| ) for the Fi attractor point and substituting this in (|1.1C1|) , we find 

47r 

5top = _3^^ , . (3.52) 



with T) as in ( p. 43 ). This does not scale with A and is generically of order 1 for r of order 
1. How can it be then that R? corrections to the entropy (obtained by replacing the genus 
zero !Fq by the all genus !F = log|ZtopP in ( p. 141) and ([j.lS]) ) can be neglected in our 
A — > cxD scaling limit? 

The puzzle is resolved by considering the product representation ( 1.17 ) of Z^op, and 



noting that all contributions of curves with nonvanishing charge q are exponentially sup- 
pressed as since J ~ A. This leaves only the MacMahon function (1.21), which since 



5top does not scale with A gives only a finite contribution to the entropy, independent of 
A. Hence for A — > oo, this contribution can indeed be neglected. 

Incidentally, the same kind of reasoning resolves the puzzle why the D4D2D0 entropy 
in the large DO-charge limit does not receive enormous R? corrections, despite the fact that 
fi'top oo when |go| ^ oo. Again, this this system becomes weakly curved in the M-theory 
description, and again all corrections are manifestly suppressed when using the product 
formula for ^top- 

Now, having convinced ourselves that our solutions and the entropy computed from 
them are reliable, we face a puzzle. The OSV conjecture is supposed to be valid precisely at 
large A. But its prediction for the leading asymptotic of InO is, by construction, the single 
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centered black hole entropy, which scales as A^, not A^. So how can this be compatible 
with what we find here? 

Despite the obvious tension this creates, this does not immediately mean the OSV 
conjecture is wrong. There are two important subtleties. The first one is that ^(T) is 
an index, the second is that the A^ scaling holds at J = ioo but for example not at the 
attractor point of T, where two centered solutions do not exist. 

To address these subtleties, we need a better understanding of various types of com- 
posite BPS states, as well as the computation of their contributions to the index, which 
we do in the following sections. We postpone further discussion to section |^ 

3.6 D6-D0 bound states 

At large volume and zero B-field, D6 and DO branes do not form BPS bound states. 
However this can change when the B-field is sufficiently large [33, 
when a sufficiently large U{1) flux is turned on on the D6. Let 

Ti = (/, 0,0,0), = (0,0,0, go), r = ri + r2 



85], or equivalently 
(3.53) 



Then Zhoi(r) = p^{B + iJ)^ /6 — qo, which clearly has a zero locus in the interior of moduli 
space, so no single centered BPS black hole solutions exist. To be more explicit, let us take 
for example as in the previous subsection 



B + iJ = zP/\p^ 



(3.54) 



with z = x+iy G C and P some positive class in H'^{X, Z,), and write qo = p P"^ / (p^)'^ . Then 
up to an overall constant positive factor P^/{p^')^ we have Zi = sign{p^) /6, Z2 = —p, 
and Z = sign(p'^) — p, which has a zero in the upper half z-plane. 





^1 




1.5 














1.25 














1 

0.75 














V5 














bsP5\ 








-0.75 -0.5 


-0.25 




0.25 


0.5 


0.75 1 











, 1-5 






1.25 




rJ 


\l 






0.75 






0.5 






0.25 





-0.75 -0.5 -0.25 



0.25 0.5 0.75 



Figure 4: Left: attractor flow tree in z-plane for p° > 0, p = —1, z^o — —0.5 + 0.3 i. The shaded 
region on the left is the stable region, in which the BPS state exists. It is bounded by the marginal 
stability line (green line) . The light pink line on the right is the line of anti-marginal stability (where 
the phases anti-align). The DO-attractor flow (r2) continues up to Imz = 00. Right: Analogous 
plot for Fi defined as for fig. |^a and r2 = (0, 0, 0, —l)P'^/r^ with P and r as for fig. ^. 

To see if there is a bound state of Pi and r2 in some region of moduli space, it is 
sufficient to check if a marginal stability wall exists, since we know that the constituents 
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themselves, the DO and the D6, exist everywhere in moduh space (at least in the large 
volume region we are considering). It is easy to see that lm{ZiZ2) = when y = ^/3\x\. To 
have the phases align rather than anti-align on this line, we moreover need Re(ZiZ2) > 0, 
i.e. sign(p'') px > 0. To see which side of this line is stable, we can use ( 3.23D , which gives 
|x| > |y|/\/3- Taking into account that only a true line of marginal stability can bound 
a stability domain, we get as our final result for the zone in the upper half z-plane where 
there exists a stable D6-D0 BPS bound state: 



|Re2;| > Imz/Vs, sign(Rez) = sign (p'' go)- 



(3.55) 



This is illustrated in fig. ^a. Similar (but mathematically slightly more complicated) consid- 
erations hold when the D6 is replaced by a more general D6-D4-D2-D0 brane; an example 
is shown in fig. ^3. Note that when the D6-D4-D2-D0 has a nonzero entropy, it can also 
"absorb" some of the DO inside its horizon. The amount of DO-brane charge which can 
be absorbed in this way is always bounded however, as can be seen for example from 
(3.19), which always goes negative when n — > oo. This is another example of multiple BPS 
realizations of the same charge. Again, recall that according the the split attractor fiow 
conjecture the number of possibilities is bounded. 

3.7 Sun-Earth-Moon systems 
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Figure 5: Three-legged flow trees with Ti and as for fig. §i and = (0, 0, 0, -O.Ol)^^/?'^- On 
the left 2:00 = —0.75 + i, on the right z^o = 0.75 + i. Note that this choice affects the order of the 
splittings: on the left we have T (r2, Fi + Fa) followed by Fi + F3 ^ (Fi, F3), while on the right 
Fi splits off first. The solid green line indicates the marginal stability line for the first split, the 
dotted green line for the second. The light pink lines are the corresponding anti-marginal stability 
lines. The red cross indicates a zero of the central charge of the intermediate charge (Fi + F3 on 
the left), implying that this charge does not have a single centered realization. 

We can also combine this sort of bound state with another state to produce a state 



with overall D6 charge zero. For example we can dress the (Fi, r2) solutions of section 3^ 
with a DO-brane bound to one of the centers. The corresponding attractor fiow trees are 
illustrated in fig. 0. Note that the charge to which the DO binds depends on the choice 
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of i?-field at infinity, i.e. Rezoo- The transition between the two occurs when the initial 
attractor flow (for charge F) hits the point where all three phases of the Z(Ti) align, that 
is at the intersection point of the dotted and solid green lines in the figure. In the case 
at hand, this happens when z^o crosses the imaginary axis. When z^o is exactly on the 
imaginary axis, (a -DO) is at most marginally bound: its phase lines up there with the 
phase of Ti + T2 (a DA + DO), and there is no energetic obstruction to taking away from 
Fi + F2 as far as one wishes. 

For positive D4-charge P, it is not possible to construct such bound states with F3 a 
DO-brane rather than DO-brane; in the figure above, this would essentially flip the marginal 
and anti- marginal stability lines involving F3, so after the first split one would be outside 
of the stable region for the remaining bound state involving F3. This corresponds to the 
fact that only DO-branes, not DO-branes, form bound states with D4-branes in our sign 
conventions. 




1 I21 2 



Figure 6: Left: Sketch of a BPS Sun - Earth - Moon configuration in space. Right: Quiver 
diagram representing intersection products = {Ti,Tj) between the centers. In the case at hand 
I2i,li3,l32 > 0. For the D6-DQ-D0 system, the microscopic quiver would look identical except for 
an additional multiplicity 3 arrow going from the -DO node to itself, representing the three moduli 
corresponding to the DO moving around in X. 



The supergravity solutions representing these bound states are Sun-Earth-Moon con- 
figurations, as shown in fig. |6|a. The positions of the centers Xi, i = 1,2,3 are constrained 



by the integrability conditions ( 3.21 ): 



= 9i + cycl. perm. (3.56) 

-rti3 ^21 

where lij = (Fj,Fj), Rij = \xi — Xj\, 9i = 2Im(e~*"Zj)oo. Note that 6*1 + 6*2 + 6*3 = and 
the third equation is just the sum of the first two. More concretely in the case at hand we 
can take say Fi to be a pure D6 with U{1) flux F = Si turned on, F2 the anti-brane of a 
pure D6 with flux F = S2 turned on, and F3 a charge —n anti-DO brane, so according to 
( |A.3| ) we have 

ri = e^Hl + ||), r2 = -e^^(l + g), r3 = -na;. (3.57) 

In this case, /13 = n, 132 = n, and I21 = ^ + = Ip, where P = 5i — ^2 is the total 
D4-brane charge. '^^ 



*If we wanted to establish the existence of these multicentered solutions directly in supergravity without 
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Note that depending on the sign of ^3 ~ — sin a, which is determined by the value of 
the B-field, -R23 is smaller or larger than i?3i, corresponding to the anti-DO binding to the 
D6 or to the anti-D6. When 6^ = 0, the anti-DO moves on a plane equidistant from the D6 
and the anti-D6 center, so it can escape to infinity. Indeed, at this locus in moduli space 
(which includes zero B-field in the case of zero total D2-charge), the bound state between 
an anti-DO and a D4 (=ri -|- is only marginal. 

3.8 Scaling solutions 



Considering the Rij as independent variables, the equations ( 3.56| ) always have a scaling 
solution 

Rij Xlij, A ^ 0, (3.58) 

independent of the 9i. In the limit A = 0, the coordinates of the 3 centers coincide and 
hence the solution becomes indistinguishable from a single centered black hole solution 
to a distant observer. (However, for an observer remaining close to the centers, they 
actually stay at finite distance: Within a coordinate distance of order A from the centers 
H(x) ~ A~^ and hence e~^^^^^ ~ A~^, so the presence of the warp factor in (3.7) implies 



that the observer remains at an order one geodesic distance. What is happening is that a 
throat is developing and the observer disappears down the throat.) 

However, the Rij are actually not quite independent: they equal the lengths of the 
edges of a triangle in flat space, and as such must satisfy the triangle inequality. Thus a 
necessary and sufficient condition for the scaling solution to ( ^.56 ) to exist is 



hi + hs > h2 + cycl. perm. (3.59) 

In the case at hand this reduces to n > = + ^02? ■ In particular, this implies 
that the total charge is necessarily nonpolar, since go = + — n < 0. This is 

compatible with general expectations, as only nonpolar states should be able to form black 
holes. 

Since the scaling solution is independent of the ^j, the branch of the solution moduli 
space to ( |3.56 ) continuously connected to the black hole in this way will never decay when 



the 9i (in other words the background Kahler moduli) are varied. It is therefore represented 
by a single centered attractor flow rather than an attractor flow tree. 

Conversely, if the triangle inequalities ( 3.5S| ) are not satisfied, then the solutions can 



always be forced to decay by varying the 9i (so the solution is described by an attractor 
flow tree). 

To see this, let us assume that one of the triangle inequalities is violated. Without loss 
of generality we can take I21 > I13 + 132- Then we claim that when ^3 > 0, taking 9i to 
zero will necessarily force xi to separate infinitely far from X2 and X3, and when ^3 < 0, 



invoking the split attractor flow conjecture, we would have to check that H{x) lies in domS for all x. This 
is diflicult. One can show (dropping C2 corrections) that when the integrability conditions are satisfied, the 
discriminant of H{x) goes to a positive constant at infinity and goes to +00 near each of the three centers, 
and therefore takes on its minimal value at some finite point in R'^. If this point is on an axis of symmetry 
then one can further show rigorously that 'D{H{x)) is bounded below by a positive constant. 
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taking 62 to zero will similarly separate X2 from xi and X3. Let us consider the ^3 > 
case, the other case is analogous. When 9i = 0, we then have 62 = —Oi — = —63 < 
and the equilibrium conditions ( p. 56 ) imply either 



i2i3 = ^2i = oo, R23 = -^ (3.60) 

which corresponds to the claimed infinite separation, or 

i?i3 = A/13, R21 = A/21, R32 = A'/32, where A' < A < 00. (3.61) 

However, since we must have R21 < R13 + R32 to have an actual solution, the above 
gives I21 < /i3 + /32, contradicting the initial assumption. Hence ( 3.6C| ) remains the only 



possibility; the solution is forced to split at ^1 = (with the stable side being 61 < 0, as a 
slight extension of the analysis shows). 

All this is of course in perfect agreement with what we expect from the attractor flow 
picture, as well as with general expectations for polar states. 

In section ^ we will study similar bound states both in the spacetime picture and in 
the microscopic quiver picture. We will see that the BPS index factorizes precisely when 
the inequalities ( p. 59 ) are violated. Moreover, the BPS index undergoes some sort of phase 



transition — no longer factorizing and starting to grow exponentially — as soon as ( 3.59| ) 



are satisfied. Note this is exactly where the black hole branch opens up. Hence, this 
qualitative change is physically expected from the spacetime picture, but highly nontrivial 
from the microscopic point of view. 




Figure 7: Two more bound states with total D6-brane charge equal to 1. Left: Fi = D6, 
r2 = —D2 + DO. Note that the line of marginal stability goes up along a vertical asymptote all 
the way to infinite radius. Right: Fi and r2 chosen as in fig. || (carrying 1 resp. —1 unit of D6 
charge), and T3 — D6. 



3.9 Even more complicated multicentered bound states 

One can imagine many other multicentered configurations involving various charges, for 
example we can add more anti-DO "moons", or replace the DO particles by D2-D0 particles. 
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Some examples with net D6 charge 1 are shown in fig. |^. These can in turn be used as 
building blocks for the D4-D2-D0 bound states of interest, and so on, even leading to 
fractal-like flow-trees, as shown in fig. ^. 

Enumerating this zoo and taking into 
account all existence conditions, let alone 
computing their BPS ground state degen- 
eracies, would appear very hard, to say 
the least. However, to count degeneracies 
of polar states, we can use the fact that 
these are guaranteed to split in two clus- 
ters at a wall of marginal stability some- 
where in moduli space. The problem is 
then reduced to computing the degenera- 
cies of the two individual clusters. This 
might still be complicated if one wants to 
compute exact expression for the the de- 
generacies based on enumerating all pos- 
sible further splits corresponding to the 
structure of the clusters (although one 
could imagine working recursively), but 

in suitable cases, it is possible to circumvent this problem. The idea is to go to a regime in 
which the most significant contributions to the fareytail series come from the polar terms 
corresponding to flow trees which initially split in branes with charges Fi and r2 with 
D6-charge 1 resp. —1. The indices of BPS states for such branes turn out to be more or 




Figure 8: The D6 split flows of fig. (and their 
conjugates) can be iteratively combined to form 
fractal-like flow trees with zero total D6 charge. An 
example is shown with 14 pure (fluxed) D6 / anti- 
D6 centers. It is possible to write compact analytic 
formulae describing these fractal flow families. 



less given by rank one DT invariants. (The precise relation is explained in section 6.1.2 



and section 3.3.2.) This will allow us to express the BPS indices of the relevant polar terms 
in the fareytail series in terms of the DT invariants, along the lines of section There is 
no need to consider further splits of the flow tree, since the DT invariants already count all 
BPS states of the two initial brane constituents. Using the relation between DT and GW 



invariants reviewed in section |Lj, we will thus be led to an expression of Z^n in terms of 
the topological string partition function, and to the OSV conjecture. 

Finally, we note here that although a priori we should also consider splits in two charges 
both of which have = 0, those are easily shown to be absent for flows coming from large 
J. Consider a charge F = (0, P, 0, go) and a candidate split in Fi = (0, Pi, Qi, go,i)) 
F2 = (0, P2 5 90,1)1 and let us take Boo = 0, Jqo = y P, y ^ oo- Then 

1 



(Fi, F2) Im(ZiZ2) = -{P ■ Qi) -P^(P • Qi)y' + 0{y) < 0, 



(3.62) 



so ( |3.23 ) is not satisfied. (When J is not proportional to P it is perfectly possible to have 
a D4D2D0 split into a pair of D4D2D0 states at Pqo = and large Jqo-) 



4. Microscopic description 

States corresponding to flow trees have a microscopic description as well. This will be the 
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subject of the present section. 



4.1 D-brane picture at = 

The microscopic D-brane picture is vahd at 5s|r| <C 1 with |r| some appropriate measure 
of the "size" of the charge T. It describes the state as an object sitting at a single point in 
the noncompact space. The macroscopic picture, vahd in the opposite regime gs\^\ J?> 1, 
at first sight looks very different, with bound states looking like atoms or molecules rather 
than D-branes geometrically glued together. Nevertheless, the two pictures can be shown 
to transform smoothly into each other when varying g^; for a detailed analysis see [|6^ ]. 

In the large radius limit, IIA D-branes are well described by holomorphic geometrical 
objects wrapped around various even dimensional cycles. The F-term constraints deter- 
mining the moduli spaces of these objects do not receive a' corrections ||4^. On the other 
hand, the D-term constraints, which govern stability and decay, do receive important a' 
corrections As a result, phenomena such as decay at marginal stability at some fi- 

nite value of the Kahler moduli tend to be invisible in the IIA large radius geometrical 
description. However, there is a simple universal microscopic picture which does capture 
this phenomenon accurately. This is originally due to [S3| and has been extended in many 
works on the categorical description of D-branes (as reviewed in |^6| ) . 

This goes roughly as follows. Let us consider a 
bound state of two D-branes with charges Ti and 

When near the wall of marginal stability (i.e. when the ^ ^ ^ 

phases of the central charges ^(Tj) are almost identi- p 
cal) , there are light bosonic open string states stretching 

between the D-branes corresponding to Ti and whose 

1 1 rFr:^i Figure 9: Bound state quiver 

mass squared equals [^gj 

~ g (a2 - «i), q = ±l. (4.1) 

More precisely this is the tree level mass squared in the mirror intersecting D3-brane picture 
when the D3-branes are at the same point in M'^, the light strings corresponding to string 
localized at the intersection points. In the low energy description of the D-branes as a 
super symmetric quantum mechanical system with 4 supercharges, the light strings appear 
as chiral multiplets $i (dimensionally reduced to d = 1), represented by the arrows of a 
quiver'^^ with two nodes as in fig. g and O can be understood as being induced by a 
D-term potential |8^] 

V{(I)) = ^D\ D = Y,Qa\(paf-Kc^2-ai). (4.2) 

where the Qa = ±1 are charges with respect to the relative U{1) between the branes and 
fi is some constant (specified below in section 4^). The fermionic superpartners of the 

^^If the branes are not at the same point in there is an additional mass term ~ \xi — X2|^ and 
supersymmetry is generically broken at gs = 0. 

^"This quiver should be interpreted in a loose sense in the present discussion. In particular we allow the 
branes correspondng to the nodes to have nontrivial moduli spaces here, not necessarily realized by simple 
adjoint fields as in the proper definition of a quiver. These moduli spaces might for example arise from 
lumping together several standard quiver nodes into one. 



- 51 - 



(f>i remain massless at tree level, but when both positive and negative qi are present, disc 
instantons ending on the D3-branes can produce a nontrivial superpotential depending on 
the (p''', lifting pairs of massless fermions of opposite charges, but leaving the difference of 
q = ±1 massless fermions invariant. If we denote the number of stretched strings with 
q = ±1 by n±, then we have for the the index 

n+-n_ = (ri,r2) (4.3) 

with (ri,r2) the symplectic intersection product between the charges. In type IIB this is 
just the geometric intersection product between the D3-branes, n+ (n_) being the number 
of positive (negative) intersection points. For IIA we define this product in appendix ^ 

From ( [4 .11 ) we see that when we are close to the marginal stability wall, on the side 
where 

(ri,r2)(ai-a2) >0, (4.4) 

there will always be tachyonic strings present stretching between the constituent branes. 
Condensation of these tachyons produces a BPS bound state of total charge F. Since we 
assumed the state decays when crossing the wall, no such tachyons exist on the other side 
of the wall, where the above expression becomes negative. This will indeed be the case 
when either n+ = or n_ = (possibly effectively after lifting pairs by F-term masses). 
Note that this stability condition is identical to the supergravity condition ( p. 23 ) for small 
ai — 02- 

When we have two single D-branes, hence a gauge group U{1) x U{1), with respective 
deformation moduli spaces Aii and A^2, and if say n_ = over all of A4i x M.2, then the 
moduli space A4 of the bound state will be a CPl^'"^''"^^!"^ fibration over A4i x Ai2, with 

coming from solving the D-fiatness condition D = and modding 
out by U{1). If the fiber does not degenerate anywhere, the Euler characteristic factorizes 
as 

X{M) = x(CPl<r^'r^>l-i)x(A^i)x(A^2) = \{ri,T2)\x{Mi)x{M2). (4.5) 

Identifying the Euler characteristic (up to a sign) with the index of supersymmetric states 
il, this gives a corresponding factorization of 17. 

As described in section |3.2.3| , attractor fiow trees provide a useful canonical prescription 
for an iterated assembly or decay process of multicentered configurations, in particular 
because stability is guaranteed to be preserved when moving upstream along an attractor 
flow, and decay, whenever possible, is guaranteed to occur at some point when flowing 
down. Instead of splitting or joining (clusters of) centers in supergravity, we may equally 
well think microscopically at = and split or glue branes together through tachyon 
condensation as described above, while following the same flow trees. This makes sense 
since flow trees are determined entirely by central charges, which are universal, exact data, 
independent of the picture in which one is working. In this way attractor flow trees continue 
to be meaningful even microscopically. 

Microscopic counterparts of ( 3.23| ) exist in the framework of the derived category as 



well. For a nice discussion of how it appears for bound states of holomorphic vector bundles 



and its relevance to the question of existence of stable vector bundles, see [100] 
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4.2 Quiver description of bound states 

Building on the reasoning outlined above, one finds that quivers give a low energy, weak 
string coupling description of bound states of simple, rigid objects (such as D6 or anti- 
D6 branes carrying U{1) flux), near a locus in moduli space where the central charges of 
the objects all line up. Let us quickly review some useful facts about this representation, 
referring to |^5| for more details. 

In a region where the phases almost line up, the objects are almost mutually super- 
symmetric, and there will be open strings stretched between them whose lightest fermionic 
modes are massless and whose lightest bosonic modes have squared masses proportional 
to the phase differences of the central charges, along the lines sketched above (this is as- 
suming the objects coincide in the noncompact space). The system can be modeled at 
low energies by quiver quantum mechanics, obtained by dimensionally reducing the corre- 
sponding AA = 1, d = 4 quiver gauge theory. The multiplicities of the objects associated to 
the nodes i are given by the dimension vector di. The degrees of freedom of the quantum 
mechanics are the (possibly nonabelian) positions of the nodes in the noncompact space 
and the U{di) x U{dj) complex bifundamental scalars a = l,...,Kij, associated to 
the light open strings from node i to node j, plus their fermionic partners. When ^ 
keeping other parameters fixed, the supersymmetric ground state wave functions live on 
the Higgs branch, with all node positions coincident and the bifundamental vevs subject 
to the D-term constraints 

Y.Y.(^W^^^,-T.T.^U'p%)^ = ^^^'i^ (4-6) 

The Fayet-Iliopoulos parameters t?j are given by the background moduli as 

i?i = 2mi{ai - ao) (4.7) 

where aj = arg Zi, rrii = \Zi\ and ao = Yli dirriiai/ ^ - dirrii, with Zi the normalized central 
charge of the ith node. Note that di'&i = 0, and that the condition for all the phases to 
almost line up is ^ 1. If closed oriented loops are present, there can be a superpotential 
W{(j)) as well. If there are no such closed loops, gauge invariance prohibits a nonzero W . 
The quiver moduli space is thus given by 

M = {(l)\ (U) satisfied, and SVT = 0} / U{di) x • • • x U{dn). (4.8) 

So far we kept the branes at the same point in the noncompact space. However when 
one takes the objects apart (including splitting the nodes with multiplicity > 1 in di 
separate branes, labeled by an index a = 1, . . . , di), the stretched strings become massive 
and can be integrated out. At one loop this produces a potential on position moduli space, 
with supersymmetric minima at 

E l^ j''- I Vi, (4.9) 
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where Iij = Kij — Kji = {TijTj). When the solutions to this equation have separations 
\xi — Xj\ which are sufficiently large, the procedure of integrating out the stretched strings 
is self-consistent. Depending on the parameter regime, the supersymmetric ground state 
wave functions will peak on the "Coulomb branch" (0 = 0, Ax ^ 0) or on the "Higgs 
branch" (0 / 0, Ax = 0), thus interpolating between the two pictures of bound states pSj . 
Note that equation ( [4.9D is almost exactly the same as the supergravity position constraint 
equations ( 3.21 ): 

F«a Xjf3\ 

where 6i = 2Im(e^*"Zi) = 2mjsin(aj — a), a = arg(^^ mjC*"'), ^^diOi = 0. The identity 
of the form of these equations despite being in very different regimes is due to a non- 
renormalization theorem. Note furthermore that in the strict physical domain of validity 
of the quiver picture, we have "i^j <C 1, so ao ^ and ~ When moving away from 
the locus where all phases line up, -di and 9i start to deviate; this should not come as a 
surprise, since the value of constants on the right hand side of the one loop result ( [4. 91) are 
not protected and will receive corrections. 

Thus we see that in the quiver description of bound states, the correspondence between 
multicentered solutions and microscopic bound states is rather explicit. 

4.3 Geometrical relations between D4 and D6-anti-D6 bound states 

IIA D-brane bound states are rather well understood in the J oo, ^nA limit, 
where they are essentially given by holomorphic vector bundles, or more generally coherent 
sheaves. In this geometric description, F-term constraints do not receive a' corrections, but 
D-term constraints do. D-terms govern stability, and as a result many decay phenomena 
are completely invisible at large radius from the microscopic point of view. This is not 
universally true, since //-stability can be seen at large radius. However, decays of the kind 
we have investigated such as a D4 splitting into a D6 and anti-D6 are not detectable if one 
limits one's attention to holomorphic vector bundles on holomorphic 4-cycles. 

In spite of all this, in this section we will nevertheless arrive at a picture for (sufficiently 
polar) D4-D2-D0 brane states in the language of holomorphic sheaves which tantalizingly 
hints at the "split" nature of the corresponding BPS states. In particular, although in the 
geometrical regime we cannot literally see those states split in the D6 and anti-D6 branes 
which are their building blocks according to the split flow picture, a lot of the structure of 
their moduli spaces is suggestive of this structure. 

The picture we develop here was first proposed in [44| and exploited further in |47]. We 



review it here for completeness and add a number of observations. The picture we arrive 
at is heuristic and will not be used in the proof of the OSV formula. It is nevertheless a 
source of very useful intuition. 

If the divisor S in the class P is frozen at S = Sq, the moduli space of BPS configu- 



rations reduces to Hilb^So ||87|, |88|, |89| y, |90|], i.e. the Hilbert scheme of N points on Eq, 



and by (2^), since dimHilb^So = A^dimSo is always even, 



dso(F,iV) = x(Hilb^^So). (4.11) 
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The generating function for these Euler characteristics is given by Gottsche's formula |92| 
(see |90l for a pedagogical review) 



j;x(Hilb^So)<?^ = -9")-^^'^°). (4.12) 



N n>l 

However, in reality, the divisor E is not some fixed Sq, but has a deformation moduli 
space, and even when a sufficiently generic flux is turned on such that all deformation 
degrees of freedom are frozen by the condition F'^'^ = 0, there might be several such 
isolated points in the divisor moduli space. Moreover, we need to sum over different fluxes 
giving the same total charge. In the limit N — > oo, all those extra degrees of freedom only 
give subleading contributions to the entropy, but at smaller N, in particular for the polar 
states, this is not the case. 

One could try to correct this by considering the full moduli space, say for F a flux 
pulled back from H'^{X) (such that none of the deformation moduli of P are obstructed), as 
a fibration over Mp = C¥^P'^ with fiber given by Hilb^P. If the fibration has no singular 
fibers, the orbifold Euler characteristic of the total space would just be the product of 
x(-A^p) = Ip and x(Hilb^-P)) and the generating function would be obtained simply by 
multiplying ( [4.12 ) by Ip. A simple example shows this idea to be too naive: Consider 



the moduli space with one pointlike instanton. This fibers over X with fiber CP^^~^, and 
hence the Euler character is x(X)(/p — 1). The reason for the discrepancy is the presence 
of a complicated, self-intersecting locus in A^p where the fiber P becomes singular, so the 
simple factorization formula does not hold. Figuring out the correct formula in this picture 
appears very hard. 




Figure 10: Irreducible curves Ck, C'^., and points pi contained in divisor E. 

An alternative way of thinking about the moduli space, at least for sufficiently large 
P and sufficiently small and F (i.e. sufficiently polar states) is as follows (see also 
|44, ^]). Write as in ( p. 37 ) F = + /" + 7 + /"*". Recall that supersymmetry requires 



^0,2 _ _|_ y-L)0,2 _ -^vliicli ig equivalent to the statement that 7 + /"*" is Poincare dual 
to a collection of holomorphic 2-cycles on E. Note that this puts restrictions on the divisor 
deformation moduli, since generically the divisor will not contain curves other than those 
obtained by intersecting other divisors (which correspond to /"). More precisely we have 

F = Lis + - (4.13) 
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where S € ^ + Z), = + C and C are collections of holomorphic curves, 

and [-Js denotes the corresponding (co)homology class on S. (Note that this formula suffers 
from the ambiguity C C + C" , C — > C + C" , which is one of the reasons why the picture 
developed here is rather heuristic.) Hence we can build supersymmetric configurations by 
first picking a set of points Pi, i = 1, . . . , N , and a collections of holomorphic curves C, C 
in X, and require our divisor S to contain all of those (see fig. ^). This is possible when 
the number of points and curves (and their degrees) is sufficiently small compared to the 
number of deformation moduli of S. For example for the hyperplane dnXn = in the 
Fermat Quintic Q := Yin — 0, requiring the curve xi = —X2, X3 = — X4, 2:5 = to lie in 
the hyperplane puts ai = 02, as = 04, reducing the moduli space from CP^ to CP2. 

The adjunction formula for irreducible holomorphic curves C on S gives 2xh{C) = 
—C^ — Ky, ■ C where Xh is the holomorphic Euler characteristic, i.e. one minus the genus of 
the curve. We can also write K^. ■ C = P := P ■ [C] where the first intersection product 
is on E and the last on X. By additivity of the Euler characteristic, this formula extends to 
collections of holomorphic curves. Using this, the charges ( |2.1[ ) and (^^) can be computed 
as 

qA = Da-{[C]-[C']+P-S) (4.14) 
qo = ' ^ -N+ ^PS' + S • {[C] - [C]) (4.15) 

-XkiC) - f • [C] - Xh{C') - ^ • [C] - [C] • [C] (4.16) 

All intersection products are on X, except for the last term, which is an intersection of two 
curves within S. 

Now let us compare this to the charges of a bound state of the kind described in the 
previous sections. 

Start with a single D6 brane containing a BPS "gas" of D2- and DO-branes, with D2- 
charge —Pi G H2{X,'L) where /3i is an effective curve class, and DO-charge ni G Z. Now 
add D4-brane charge by turning on a flux Si, giving according to (|A.3| ) a total charge 

ri = e^Hl-/?i+mu;)(l + ^) (4.17) 

Do the same for a second D6-brane and take its charge conjugate, so 

Fa = -e^2(l-/32 + n2u;)(l + ^^) (4.19) 

1, -52, -M + ^2 _ |, _M + p^s, - |52 - . (4.20) 
Defining 

P:=Si-S2, S:= (4.21) 



^In our conventions, D6-branes form BPS states with anti-D2 branes. 
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the total charge F = Fi + r2 can be written as 



0, P, P2-P1+ PS, + -PS^ + S{P2 - Pi) - n2 - -P2 + ni - -/3i j . 

(4.22) 

So we see that if we identify 

P = P, S = S, P2 = [C], Pi = [C'], n2 = XhiC) + N2, ni = -Xh(C')-iVi (4.23) 



with N = Ni + N2, this almost matches exactly with ( 4.16| ), including the correct quanti- 
zation condition on S. 

This match is so good that we expect that generically [C] ■ [C] = 0. This is certainly 
true for two generic homology classes in X, and we will assume that for those classes sitting 
inside a common holomorphic surface S it is still generically true. Granted this point, the 
identifications are interpreted as follows: 

At large volume, rank 1 D6-D2-D0 bound states are described by ideal sheaves I 
1 88, 36, 37, ^] or their duals I* .^'^ More precisely X corresponds to a collection of curves 
Cj and points vrj, where the D2-charge is given by — /3 + C2(X)/24 and the DO-charge by 
n, where 

P = -ch2{I) = [Cj], n = dis(I)=Xh{CjUTTj) = Xh{Cj) + Nj, (4.24) 

where Nj is the number of points in ttj (counted with multiplicities). Taking the dual 
inverts the odd Chern characters, so the D2-charge of X* is given by — /3 + C2(X)/24 where 
/? = [Cj] and the DO-charge is n = —XhiCj) — Nj. Hence the above expressions for the 
charges suggest we identify the Fi system with a D6-D4-D2-D0 bound state described as 
the dual Xj* of an ideal sheaf Xi "shifted" by a U{1) flux 5*1, and r2 similarly as the anti- 
brane of a D6-D4-D2-D0 bound state described as an ideal sheaf X2, shifted by 82- Under 
this identification, we simply have 

Cx, = C\ = C, Nj, + Nj^ = N. (4.25) 

Since the Nx are nonnegative note that ni is bounded above, and not below, while n2 is 
bounded below, and not above. This will be important in keeping certain signs straight in 
the derivation of the OSV formula. 

Thus we arrive at the following heuristic picture for polar BPS states: The curve 
collections which are dual to 7 + /"*" in S are the remnants of gases of D2-branes inside D6 
and anti-D6 branes with fluxes turned on. The D6-antiD6 condense producing a D4 brane 
which has captured a gas of D2 and DO branes. 

We can further strengthen this picture by computing moduli degrees of freedom. As 



explained in section 4.1, a bound state of the two branes under consideration is expected 



^^We do not mean the sheaf-theoretic dual here. If we identify the objects in the category of topological 
B-branes with the stable objects in the derived category of coherent sheaves then we should take the derived 
dual. This will be a complex whose cohomology is not supported in a single degree, and hence will not be 
a sheaf. We thank Paul Aspinwall for pointing this out to us. 
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to be a cohomology class of a moduli space which is a fibration over the product of the 
moduli spaces of the two constituent branes. Here k + 1 equals the intersection product of 
the constituents 

A: + 1 = (Fs, Ti) = ^ + ^^-^^ -P-if3i + P2) + m - n^. (4.26) 

In particular in the case at hand, after freezing the curves and points in the D6 and anti-D6 
branes representing the D2-D0 gases, we expect k residual degrees of freedom, coming from 
light open string modes stretching between the branes. 

If the proposed picture is correct, at large radius, these k residual degrees of freedom 
should correspond to the divisor moduli that remain unfixed in the generic case after 
requiring the curve collections C and C and the set of N points pi to be contained in it. 
To verify this, rewrite ( 4.26| ) using the above identifications as 



k + l = ^ + ^^^^^-P-C-Xh{C)-P-C' -Xh{C')-N (4.27) 

= / e^TAX- [ e^TdC- [ e^TdC'-N. (4.28) 
Jx Jc Jc 

We claim that for P sufficiently large, this agrees exactly with the generic number of 
deformations of a divisor constrained to contain points and the curves C and C . As 
a simple first check, note that when C = C = 0, N = 0, i.e. the pure D4 with at most 
flux pulled back from H'^{X) turned on, this formula reproduces precisely the dimension 
/p — 1 of the linear system P. Furthermore, if we think of the divisor for example as a 
hypersurface given by some homogeneous polynomial equation, then it is clear that if we 
fix N generic points in X and require the divisor to pass through it, this will give N linear 
constraints on the polynomial coefficients and thus generically reduce the residual divisor 
moduh space from CP^^^^ to CF^^-^-^ 

We now give a proof for the general case for P sufficiently ample. The basic ideas 
are {%) for P sufficiently ample, we can use index formulas to compute the actual number 



of deformations, and {ii) the first term in ( 4.28 ) is the index counting the number of 



holomorphic sections of the line bundle describing P, and the second and third terms are 
the indices counting the number of those sections which when restricted to C resp. C are 
nontrivial. Subtracting these terms from the first one thus gives the number of sections 
of the divisor line bundle which are zero on C and C", i.e. one plus the number of divisor 
deformations fixing C and C . 

More precisely, this goes as follows. ^'^ Define the ideal sheaf: 

Q ^ Ic ^ Ox ^ Oc (4.29) 

Our problem is to compute the dimension of H^{0{P) Ic)- 

Tensor the exact sequence with 0{P). This preserves exact sequences since 0{P) is a 
line bundle. We write the corresponding long exact sequence 

^ H^{Ic®0{P)) ^ H^{Ox®0{P)) ^ H^{Oc®0{P)) ^ H\Ic®0{P)) ^ (4.30) 



^We thank E. Diaconescu and T. Pantev for helpful discussoins about this. 
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For P sufficiently ample H^{Ic ® 0{P)) = and moreover h^{Oc{P)) = 0, but now 
we can use Riemann-Roch to compute 

h\Oc{P)) - h\Oc{P)) = deg(Plc) - g{C) + 1 (4.31) 

= / e^Td(TC) (4.32) 
Jc 



Now compare with equation ( 4.27 ) 



A closely related, but alternative argument proceeds as follows. For concreteness let us 
take the example of the quintic in CP^. Let W be the space of homogeneous polynomials 
in Xq, Xi, X2, X3, X4, and Wd those of degree d. The quintic Calabi-Yau is given by the 
polynomial equation (5 = 0, with Q G W^. Let {Q) be the ideal generated by Q and 
define W := W/{Q), and let be the restriction of W to degree d polynomials. Then 

(projectivized) can be identified with the moduli space of divisors of degree d on the 
quintic. 

Fix a curve C in the quintic described as the vanishing locus of some homogeneous 
polynomial ideal /(C) (which includes Q) . Then the moduli space of degree d divisors on the 
quintic which contain C can be identified with the (projectivization of ) I'{C)d, the degree 
d part of I'{C) := I{C)/{Q). So we are interested in computing dim/'(C)rf. This is almost 
directly given by the Hilbert polynomial of C. Define M(C) := W'/r{C) = W/I{C), i.e. 
the homogeneous polynomial module associated to C. Then the Hilbert function of C is 
by definition fh{d) := dim M(C)rf, and the Hilbert-Serre theorem says that this becomes 
a polynomial Ph{d) for sufficiently large d. Moreover, that polynomial can be computed 
from the index theorem. 

Since by construction dim M(C)rf + dim /'(C)^ = dimW^, this gives the expression for 
dim/'(C)rf: 

dimI'{C)d = dimW;,-Ph{d) (4.33) 
for sufficiently large d. Now we have 

Ph{d)= [ e''''Td{C)= [ {l + dH){l + ci{C)/2) = dH-C+Xh{C) = P-C+Xh{C) (4.34) 
Jc Jc 

where H is the hyperplane class and Xh{C) the holomorphic Euler characteristic of C. 
Therefore 

diuir{C)d = Ip-P-C-Xh{C) (4.35) 

in agreement with the above general proof. 

These observations give rather strong evidence for the proposed correspondence, al- 
though considerably more work would be needed to make things more precise. There is 
some ambiguity in the identifications in the two pictures, and constructing an exact map 
between moduli spaces is presumably too much to hope for. In particular we have not 
analyzed situations in which points or curves coincide so the CP'^ fiber dimension jumps. 
It appears that here the naive geometrical D4-D2-D0 picture and the D6-anti-D6 bound 
state picture start to differ, with the latter apparently giving some sort of regularization 
and stratification of these singular loci. Indeed the considerations of section |5| strongly 
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suggest that in the D6-anti-D6 picture the relevant CP^ fibrations are always regular for 
polar states. 

We will not attempt to make this map more precise here, but instead proceed by taking 
the physical D6-anti-D6 picture as a starting point for computing the polar degeneracies. 
The degree to which the heuristic picture sketched above is accurate will therefore not be 
essential for the remainder of this paper. 



5. Wall-crossing formulae and factorization of indices 

In this section we derive wall crossing and factorization formulae for indices, which among 
other applications will lead to (a refined version of) (|3.6| ) and eventually in section |6| to the 
factorization Ztop ~ Ztop^^top- 

5.1 Physical derivation 

Let TC'{T)t^ be the (reduced) Hilbert space of BPS states of charge T for background 
moduli too- Then ^'^ 

n{r)\t^ :=TV^,(r),^ (-1)2-^3 (5.1) 
with Jg the angular momentum with center of mass degrees of freedom factored out. 



In the four dimensional supergravity picture, the index {5A_) can get contributions from 
several distinct multicentered configurations, with different constituent charges summing 
up to the same total charge F, or equivalently from several different topologically distinct 
attractor flow trees. Apart from the trivial flow tree (i.e. the single flow), all of these will 
decay when the initial flow tree point t^o passes through the wall of marginal stability on 
which the first split F ^ Fi + r2 of that tree occurs (this will be a different wall for every 
tree in general). Therefore as soon as there are nontrivial tree contributions to the index, 
the index can be expected to jump at these walls of marginal stability. 

To derive the amount by which the index jumps at a F ^ Fi + F2 MS wall, we will 
first assume Fi and F2 are both primitive. In that case all states decaying at this wall will 
necessarily look like two clusters of bound particles of charge Fi resp. F2, which get infinitely 
far separated from each other when the wall is approached (recall eq. (|3.22D ). Denote the 
part oiTC'{T)t^ corresponding to these nearly decaying states by Ti.'(T Fi + F2)t^, where 
we let too ^msi ^ms being a point on the marginal stability wall under consideration. One 
expects this Hilbert space to factorize as 

n'ir - Fi +F2)t^, = (^) ®H'(Fi)i,^, H'(F2)i„,,. (5.2) 

The first factor comes from the quantization of the centers of mass of the two clusters and 



their associated fermionic degrees of freedom, which as reviewed in section 3.2 yields a spin 
J/ ^ \h±± multiplet, where I12 = (Fi,F2). Thus, one expects a jump in the index given 

by 

An\t^^ = (-i)^--i 1/12I n{r,)U^^ n{r2)\t^^ (5.3) 



* Elsewhere in the paper we also use the notation Ti'{r;tac) and Q{r;to 
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when going from the unstable to the stable side of the marginal stability wall.^^ 

The main physical input that went into this derivation is the factorization of Hilbert 



spaces (5^) for infinitely separated clusters. Although plausible, this is not completely 
obvious, since one could imagine interactions e.g. between the spin of one cluster and 
the magnetic field produced by the other cluster, which could spoil supersymmetry by a 
tiny but nonzero bit. The spin of the clusters depends on the relative positions of the 



centers (see (3.24)), so translated to these degrees of freedom one should check if there 
are non-infinitesimal effects on the relative BPS position constraints of the centers within 
one cluster, coming from the presence of the second cluster. If the integrability constraints 
admit solutions with a cluster of centers Xa going to infinity, while other centers x'^ remain 



finite then clearly the effect on the remaining centers x[ in (3.21) is negligible and amounts 
effectively merely to an infinitesimal shift of the constant term on the right hand side of the 
constraint equations. (The cases where this constant term is zero are nongeneric and can 
be eliminated by slightly perturbing too , which for the sake of this argument we are free to 
choose anywhere as long as too stays very near the wall of marginal stability on the stable 
side). To strengthen our confidence in these arguments, we will give several mathematical 
tests of the wall crossing formula in the following subsections. 

The wall crossing formula can be used to derive a refined version of (^^). Fix some 
too = ti and consider all splits F ^ Fi + r2 encountered along the single F attractor flow 
starting at t = tj and ending at t = tf, where tj is either the attractor point or a zero 
of Z{T). Note that by the time this endpoint is reached, all configurations contributing 
to the index r2(F;too) that could decay, have decayed; there are no nontrivial trees left at 



this point. Repeating the wall crossing formula (5.3) for each jump encountered along the 
attractor flow gives the formula 

n{T)U^ = n{T)\t^ + (-l)<^^'^^^-'Kri,F2)| 0(Fi)|,,„^(r„r„i,) J](F2)|,^,(r„r„t,) 

r^ri+ra 

(5.4) 

where the sum is over all F ^ Fi -I-F2 splittings along the attractor flow and tins(Fi, F2, tj) 
is the point where the flow crosses the corresponding F — > Fi + F2 marginal stability wall. 
When the flnal point corresponds to a zero, as is the case for polar D4-D2-D0 states, we 
moreover have Q{T)\tj = 0, and all contributions have a factorized form. 

Iteratively repeating this for each of the 0(Fj)|jjj^^ eventually gives the expression 

^(r)k. = E n (-i)<^-^=>-^KF,,F,)| n ^(^^Mr^)) (5.5) 

Ter(r,too) ra^rb+rceVert{T) r,6Torm(T) 

where T(F, too) is the set of all attractor flow trees of total charge F starting at too, Vert(T) 
is the set of vertices of the flow tree T, characterized as splits Fq — > F;, + Fc, Term(T) is 
the set of terminal charges of the flow tree T, and t*(Fj) the attractor point of Fj. Thus 



crossing formula for the full character Tvy^^^ implying a wall-crossing formula for the Hodge polynomials 
of the relevant moduli spaces. 



Of course, (|5.2|) implies something stronger than (5.3). We could for example state an analogous wall 
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we see that flow trees give a canonical way of reducing indices in general backgrounds to 
irreducible^^ indices 0(rj, t^,(rj)) associated to black holes or simple particles. 

In the wall crossing formula (|5.3| ) and the subsequent formulae we have assumed that 
all splits r — > Fi + r2 are primitive, i.e. no integral T\ and integer A'^i > 1 exist such that 
Ti = NiT'^, and similarly for In general this need not be the case. It is possible to 
extend the wall crossing formula (|5.3| ) to some nonprimitive cases as well. This is done 
most efficiently by using generating functions; examples will be analyzed in detail in the 
section |6.1| , but for completeness we give a more general wall crossing formula here already, 
for arbitrary splits F — > Fi + A^F2, N G Z"*" (which is a nonprimitive split when N > 1): 

/ N fc|(ri,r2>|f2(fcr2)|t^, 

f^(ri)k„. + E^^(ri+^^r2)k^.g^ = i^(Fi)|,„,,n i-(-i)'^^''^'^ 

(5.6) 

where denotes the index jump at the appropriate marginal stability point tms(ri) too), 
going from unstable to stable side. These splits correspond to "halo" states, consisting of 
F2 particles moving on a sphere around Fi. We will see several special cases in section 



6.1, after which it will be clear that this formula is the correct generalization. Note that 
it reduces to ( [5. 3D for = 1. It would be interesting to generalize this formula further to 
splits F NiTi + A'^2r2i but we expect this to be significantly more complicated. In this 
case the configuration space will be much more complicated. Moreover, from our argu- 
ments above Ari(A^iFi + A^2r2) is related to the Euler character of a quiver with 2 nodes 
with dimension vector {Ni,N2) and k = (Fi,F2) arrows. However, the known expressions 
for these Euler characters are very complicated |l93|| . 

We will however primarily use ( ^.41) to factorize the polar part of the D4-partition 
function, and will argue that for the purpose of deriving the OSV conjecture it is sufficient 
to restrict to the contribution from splits in two clusters with a single D6 and a single 
anti-D6 brane charge, which are of course automatically primitive. 

Finally, note that we could have tried to derive the wall crossing formula microscopi- 



cally from (4^) (adding the proper signs obtained from the identification of J3 with Lefshetz 



spin as explained above (|2.7| )). However, at least to be able to use this in a straightfor- 
ward fashion, this would have required us to assume that whenever a D-brane is close to 
decaying into two branes, its connected moduli space component Ai has the structure of a 
([^p|(ri,r2>|-i filtration over the product of the moduli spaces Aii and A^2 of the consitutent 
branes, without any degenerations of the fiber. The latter is not clear a priori. Turning 
things around, the physical arguments given above give a prediction that the fibration will 
indeed be regular in these cases, or at least that this can be effectively assumed for the 
purpose of computing the jump of the index. 

In the following we will test our wall-crossing formula microscopically, and we will see 
that indeed this regular fibration structure arises in association to decaying states, often 
in rather nontrivial ways. 



^® irreducible in the sense that they correspond to states which cannot be made to decay — there might 
be more refined reductions which further factorize even these irreducible indices. 



-62- 



5.2 Mathematical tests and applications 

We have verified our wall crossing formulae, and the index factorizations derived from it, 
both microscopically by comparing to large radius geometrical results as well as by studying 
examples of quiver moduli spaces. The latter often are under good mathematical control 
1 93], and their relation to multicentered configurations is well understood in a number of 



cases 35 



The simplest example is a pure (very ample) D4 of charge P, which as we saw in 
the previous sections corresponds to a bound state of a D6 and an anti-D6 with suitable 
fluxes turned on, with corresponding charges Ti = e^i(l + C2/24), Ts = -e^2(i + ^2/24) 
such that P = Si — 82- The intersection product between the two constituents equals 
Ip = + C2 • P/12. For a single D6 brane with flux the attractor point lies on the 

boundary of moduli space. However, the low energy gauge theory is free Maxwell theory 
and hence, on a Calabi-Yau X with proper SU{3) holonomy, there is a unique ground state 
of the Maxwell theory in a fixed fiux sector. ^7 Therefore, n'{r;U{r)) is one-dimensional, 
and hence i^{Ti; t^(Ti)) = 1. We will assume F — > Fi -|-r2 is the only fiow tree (an assertion 
very well supported by our numerical and analytical searches), and hence equation ( |5^ ) 
immediately gives 0{P; too) = {—^)^^~^Ip- This is in exact agreement with the microscopic 
index computed as the euler characteristic of the linear system corresponding to the divisor 
P, which is CP^^^^. Note that this is also the moduli space of a two-node quiver with Ip 



arrows and dimension vector (1, 1), in accordance with the discussion in section 4.2, and 
in particular (^). 

Further tests along these lines can be extracted from the discussion towards the end 



of section 4.3 



In the following subsections we will consider a number of more complicated examples, 
some of which are of independent interest. Finally, the results for halo degeneracies we will 
obtain in the next sections can also be considered as further tests of these ideas. 

5.2.1 Four node quiver vi^ithout closed loops 

To verify our physical arguments for the absence of long distance spin-spin interactions 



spoiling factorization, we consider a system described by the quiver of fig. 11, close to a 
locus where the two nodes on the left hand side split off from those on the right hand side. 
More precisely we will go to a locus of FI parameter space where the multicentered solutions 
of ( |4.9| ) split in these two clusters and we thus expect the index to factorize accordingly. 
We test this by showing that the quiver moduli space (4.8) is a CP'^"^ fibration over the 



product of the moduli spaces of the two subsectors, with / the intersection product between 
the two clusters, and that its cohomology factorizes as physically expected. As discussed at 



^'^In this paper we have ignored torsion in the cohomology groups. However, at this point torsion in 
H^{X; Z) plays an interesting role. In this case one cannot simultaneously specify the electric and magnetic 
flux sectors on the D6 brane, and in fact, the ground states of the theory form a representation of the 
Heisenberg group extension of Ht„^g{X;Z) x Hf^^g{X;Z) defined by the torsion pairing |l2^, |l2l|. Thus, 



it is more appropriate to take f2(ri; t, (F^)) — \Hf^j.g{X;Z)\. Since different attractor fiow trees terminate 
on different numbers of pure six branes the torsion effects will modify the indices in interesting ways. We 
have not systematically investigated these consequences of nonzero torsion. 
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■o 

1 I21 2 

Figure 11: Left: Four node quiver without closed loops. The indicated arrows are /y-fold 
degenerate, with lij > 0. The dimension vector is taken to be (1, 1, c?3, d^), with ^3, c?4 > 1. Right: 
Corresponding splitting multicentered configuration when -di + dai^a is approaching zero. 



the end of section 5.1, this is sufficient to reproduce the wall crossing formula for the index. 
However establishing this regular fibration structure turns out to be rather nontrivial. 

We will not try to give an actual physical or flow tree realization of this quiver, which 
is not necessary for the kind of comparison we are trying to make here. 

The morphisms (or bosonic stretched open string modes) are described by 

021 G C'^' (5.7) 

031 e Mat(l,(i3) X C^3i (5 8) 

023 e Mat((i3,l) X C^23 (5 9) 
041 e Mat(l,d4) X (5.10) 

024 G Mat(d4, 1) X C^24 (511) 

denote with a = 1, . . . , ^3, j = 1, . . . , I31 and 023° with j = 1, . . . , I23, and similarly 
for 041 , 024 . The D-term equations are given by (|4.6D : 

-|02l|' - |03l|' - |04l|' = i9i (5.12) 

|02l|' + 10231' + 10241' = ^?2 (5.13) 
hi I'2'i 

In 1 24 

E Kfi<i^^^ir - E('^2f )>'2f = ^45"'^ (5.15) 



with i^i as in ( [4.7| ) and as usual T?i+'!92+rf3^?3+c^4^4 = 0. The corresponding super symmetric 
particle configuration constraints (^]^) are 



-'2 



^ + , =^2 (5.17) 

l^2-2;i| ^-^^\X2 - Xsfsl ^ ^2 - 2;4/3' 
^31 



\X3a-Xi\ \X3-X2a\ 

hi hi 



^3 (5.18) 

, , , ^4, (5.19) 

which as mentioned in section ( [4 .2] ) coincides with the supergravity position constraints 
KM in the regime of vahdity of the quiver quantum mechanics, 0j <C 1, since 9i ~ in 
this regime. 

Now, we want xi, xs^q, — > oo with |xi — xa^^l held finite. Therefore, in the quiver picture 
we should send 'ffi + ds'&s — > 0, holding i?!, i^s, '!92) 't?4 all nonzero. The system then splits in 
two clusters with charges Fi + d^T^ and r2 + d4r4, respectively, with mutual intersection 
product 

/ = (Ta + d4r4, Ti + dsTs) = hi + d^hs + d^hi- (5.20) 

Clearly we must have "di < 0, and therefore > 0. Similarly, since 'di+d^i^s = — (??2+d4'i?4) 
and since i!)2 > we must have t?4 < 0. 

It follows from the third and fourth D-term equations that there is a well-defined 
projection to a product of Grassmannians: [(p'^l] G Gr{d3,hi) and [(/ig^] £ Gr{di,hi)- 
This leaves (j)23 and (j)^ undetermined, and the remaining equations determines the fiber 
of the map to be a complex projective space so that the moduli space is a smooth fibration 

38 

(CP^2i+rf3/23+rf4/4i-i Gr{d3, hi) X Gr{d4, hi)- (5.21) 

Note that the Grassmannians are the moduli spaces TWi, ^A2 of the two 2-node sub-quivers 
in which our 4-node quiver splits. Restricting the gauge invariant form d(j)2i ^ d(f)2i +d(j)23 A 
d(p23 + dcpii A (i04i to the fibers gives a generator of the cohomology of the fibers, so by the 
Leray-Hirsch theorem the cohomology factorizes: 

H*{M) = //*(CP^2i+d3/23+rf4/4i-i) ^ H*{Mi) H*{M2) (5.22) 

Comparing with ( ^.20] ) we see that the factorization ( ^.221 ) is precisely that predicted by 
the physics, and rather nontrivially so. 

5.2.2 A D6-D2-D0 as a 3 centered D6 - D6 -m bound state 

Next we give a 3-centered example with an actual flow tree realization and a microscopic 
description as a geometric D-brane in the IIA large radius limit. Consider a bound state 
of the following three charges 

ri=e^(l + |), r2 = e^(l + |), r3 = -e^+^(l + |) (5.23) 
with U,V,V — U positive divisors (i.e. inside the Kahler cone). The total charge is 

T = 1 - UV + ^ - ^{UV^ + U^V) (5.24) 



'We omit many details in the argument here. 
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Figure 12: Left: Flow tree corresponding to the D6-D2-D0 system described in the text, in 
the 1-modulus case with U = Di, V = 2Di. The attractor points of ri,r2,r3 are at a; = 
1,2,3 respectively. Up: Corresponding quiver formally associated to this system, but in fact 
not describing the system. Right: Corresponding splitting multicentered Sun-Earth-Moon type 
configuration when the MS wall argZi = arg(Z2 + Z^) is approached. 

so this is a D6-D2-D0 bound state. Denoting lij = {Ti,Tj), we have 



(V-Uf^c,.(V-U) .^^^U^^c^^ 7,3 = ^ + ;^. (5.25) 

6 12 ' 6 12 ' 6 12 ^ ' 

Because C/, V and V — U are all positive, all of these intersection numbers are positive. An 



example of a corresponding attractor flow tree in the one modulus case is shown in fig. 12, as 
well as the quiver encoding the intersection products and the corresponding multicentered 
configuration when approaching a (1,2 -|- 3) line of marginal stability. Crucial is that the 
sequence of splits is (123) — > (1,23) — > (1,2,3). At least in the one modulus case, it can 
be checked that this is the only possible flow tree for the given charges starting from large 
Imt. Let us assume this is true in the general case as well. 

Our factorization arguments immediately yield the following index of BPS states as- 
sociated to this flow tree: 

^ = (_l)J21+/23+/l3 |J^3 _ J^il = {-IYU+IV+IV-U\J^ _ Iy_^\I^, (5.26) 

where we used the notation Ijj = ^ + and so on, and the fact that for proper SU (3) 
holonomy Calabi-Yau manifolds, the pure D6 has a unique ground state after factoring out 
the center of mass hypermultiplet, i.e. ^(e'^ r(0, 0))|t = 1. 

Now let us compare this to the microscopic large radius geometrical picture of this 
D6-D2-D0 as the ideal sheaf Ic given by the curve C = U CiV . The charges are given by 



(4.24), which yields, using the adjunction formula. 



qj,^ = -U.V + g, qo = Xh{C) = -\ {C\ + C-V)= -\{U^V + UV^), (5.27) 



in agreement with ( ^.24 ). We can parametrize the moduli space of this ideal sheaf as 



follows. First recall that the moduli space of very ample divisors D {= U, V and V — U 



here) is parametrized by the vector space of holomorphic sections S£) of the associated hne 
bundles Co, modulo overall rescaling of the section. That is, 



7Wfl = CP^«"\ (5.28) 

Now pick a divisor representative Uq in the class C/, described by the vanishing locus of a 
section su^^ of Cu- Note that we can write any section of Cy as 

sv = suo sv-u + sv, (5.29) 

where sy-u is some section of Cy-u and sy a section of Cy. Conversely, any such expres- 
sion gives a holomorphic section of Cy. Now changing sy-u in this expression will not 
change Cq := Uq Ci V = {su^ = 0} Pi {sy = 0}, and thus the moduli space of curves Co is 
described by the vector space of sections sy of Cy modulo products of sections of Cy-u 
with sjjo, and modulo overall rescalings, that is 

Mco =CF^^-^''-u-'^. (5.30) 

In conclusion, the sheaf moduli space Aic is a reg ular C¥^v-iv-u-i fibration over CP ^ 
Computing the Euler characteristic of this space immediately reproduces ( ^.261 ) . 

Note that for this example, there is no region in moduli space where all phases of the 
constituents line up, as can be seen directly in fig. ^ since the two marginal stability lines 
do not intersect. As a result, the quiver quantum mechanics picture as reviewed in section 



4.2 is not reliable in this case. And indeed, if one tries to compute the index as the euler 
characteristic of the moduli space A4 for the quiver of fig. |l2| with dimension vector (1, 1,1), 
as given by ( |4.8| ) (with W = since there is no closed loop), one finds the wrong result 
n = (-l)^2i+/23+/i3 (/2i + /23)/i3 or (-l)^2i+/23+/i3 (/13 + /gs ) /21 , depending ou the sign of 
"i?!. (This can be computed with the methods described in section ^.2.1 .) This illustrates 



that the split flow picture is more general than the quiver picture. 

It can be shown that the correct index is that of the part of the quiver BPS Hilbert 
space which jumps at the MS wall t?i = 0, i.e. the difference of the Hilbert spaces for 'di > 
and ??i < 0, suggesting an identiflcation of the ideal sheaf cohomology with this part of the 
quiver cohomology. It would be interesting to clarify this point further. 

When we invert C/ — > —U in ( 5.23| ) the situation changes significantly. In this case. 



there is a region of moduli space where all phases line up, and the quiver description 
becomes accurate. The relevant quiver now has a closed loop however, allowing a nontrivial 
superpotential. We now turn to this case. 



5.2.3 Three node quiver with closed loop 

Our third nontrivial example is given by the quiver given in fig. ^6, which has a closed 
loop. The latter brings in some qualitatively new features, such as the presence of a 
superpotential and the possibility of scaling solutions. 

For simplicity we take the dimension vector to be (1,1,1), and assume no internal 
moduli associated to the vertices. This could correspond for instance to a bound state of 
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Figure 13: Left: Three node quiver witii closed loop. Right: Corresponding splitting multicen- 
tered configuration when b > a + c and 9i approaches zero. 



three single D6 or anti-D6 branes with suitable U{1) fluxes turned on on their world volumes. 
In particular our previous example ( 5.23| ) with U inverted, i.e., 



ri = e-^, r2 = e^, r3 = -e^-^ (5.31) 

realizes this, where we take U, V to be positive divisors and we are dropping C2 corrections 
for simplicity. We have a = b = {U + V)'^/6, c = Since U,V are positive 

divisors we have b > a + c. 

Fig. ^ shows a one modulus example of flows associated with ( 5.31| ) with U = Di, 



V = 2Di and three different initial points. No flow trees exist in the large radius regime. 
In other regions, one or more of the three possible tree topologies (1,(2,3)), (2,(3,1)), 
(3, (1,2)) is realized. For initial point A, we have only (1, (2,3)). When moving to point 
B, we pass through the marginal stability line where and Zi + Z2 line up, i.e. 9^ = 0. 
The (1, (2,3)) remains alive (-B1), but a new tree, of topology (3, (1,2)) {B2) comes into 
existence. So in this case the total Hilbert space Ti.{T; too) will be partitioned by two trees. 
Finally, when moving to point C, we do not pass through any relevant marginal stability 
line, but along the way a tree-topology-changing transition takes place: at some point, 
both flow trees we had in B become degenerate (with one 4-valent vertex instead of two 
3-valent) and identical, and going beyond that, we are left with one new tree, of topology 
(2,(3,1)). 

According to our general framework, the index should jump between A and B, but 
not between B and C. This is confirmed by the explicit expressions obtained from our 
factorization formulae 

n{A) = (-i)(ri.r.+r3>+(r,,r3>|^ri,r2 + r3)|Kr2,r3>| = (-l)''+'+^(6-c)a (5.32) 

n{B) = n{Bl) + n{B2) = (-1)"+^+^ ((6 - c)a + (c - a)b) (5.33) 

= (-l)"+^+^(fe-a)c (5.34) 

f](C) = (-l)"+^+"(6-a)c, (5.35) 

where we used b > a + c and c > a. Note that the two i?-trees indeed nicely combine to 
give the same index of the single C-tree! 

Let us now turn to the microscopic description. Since there are no flow trees starting 
from the large radius regime, there won't be a geometrical large radius D-brane realization. 
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Figure 14: One modulus example of a realization of the quiver in fig. [13. The three terminal 



charges Ti are given by (5.31) (dropping C2 corrections) with U = Di, V — 2D2, and the corre- 
sponding terminal flows labeled by 1, 2 and 3. The green dotted lines are lines of marginal stability. 
The ms line "2 = 3" corresponds to Z2 and Z3 lining up, "1 = 2 + 3" to Zi and Z2 + Z3 lining 
up, and so on. For each flow tree, we only show the ms lines on which the tree has vertices; this 
is different for each tree. Three different initial points are considered, corresponding to the labels 
A, B and C. We consider the three kinds of flow patterns (1(23)), (2(13)) and (3(12)) at each of 
the initial points. The initial (yellow) point in case A only supports the flow (1(23)). The initial 
point in case B supports the two flows (1(23)) and (3(12)), illustrated in Bl and B2. Finally, the 
initial point in case C again supports only the flow (2(13)). There are also regions where no flow 
tree exists, for example the large Ivat region. Here the attractor flow is a single centered flow for 
the total charge which crashes on a zero of Z{T\ t). 

Indeed, we now have a D6-D2-D0 charge with positive D2 charge, which never exists as a 
BPS state in the large radius regime. Fortunately however, we see that there is a region 
in moduli space where all phases of the nodes line up, so we can use quiver quantum 
mechanics to verify our results. 



As in section 5.2.1, we can actually verify our results independently of the split flow 
picture by just comparing the results obtained from the 3-particle quantum mechanics to 
those from the microscopic quiver moduli space. 

We label the stretched open string scalars by Zj, i = 1, . . . , /13 := c, Xj, j = 1 . . . , 132 := 
a, yk,k = 1, . . . , I21 '■= b. The D-term constraints are 

(5.36) 
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El^^'^l'-El^^-I' =^2 (5.37) 

k j 

^|x,f = ^3, (5.38) 

j i 

Since the quiver has a closed loop, a nontrivial gauge invariant superpotential is possible. 
We assume this to have a generic cubic form 

W{x, y, z) = ^ CijkZiXjVk- (5.39) 

ijk 

Higher order terms can self-consistently be neglected as long as the (x, y, z) are small. As 
we will see, this can be enforced by making sufficiently small. 



From the discussion in section 3.5 we expect factorization when at least one of the 



triangle inequalities (|3.59|) is violated, say, as in our concrete realization described above, 

b> a + c. (5.40) 



As we saw in section 3.8, for ^3 > 0, the configuration will split for 61 approaching (from 
below) by separating xi infinitely far from X2 and X3, so our general physical arguments 
lead to an index for this particular system given by 



J^macro = ("1)'=-''-^ {b - c) 17(1) 17(2 + 3) = (-1)^+"+'^ [h - c) a. (5.41) 

This corresponds to our case A. 

From the point of view of the microscopic quiver moduli space 



M := \{x,y,z)\{f)M^ - (15:381) satisfied and dW = 0}/[/(l)^ (5.42) 



the result ( ^.41 ) is not at all obvious. For instance it appears rather mysterious why the 



microscopic quiver description should care about triangle inequalities. 

Let us therefore compute the index directly from the quiver moduli space, and check 
if factorization holds when expected. The index of this system is given by 

= {-if'^^xiM) = {-ir+-+'x{M). (5.43) 

(Recall the origin of the sign factor is the identification of J3 with Lefshetz spin, as explained 
above ( |2.7D .) For generic Cj^fc, the solutions to dW = split in three branches, one with 
X = 0, one with y = and one with z = Q. This can be seen as follows. '^^ Assume there are 
other solutions, i.e. with x 7^ 0, y 7^ 0, 2; 7^ 0. Relabeling indices we can assume say xi 7^ 0, 
yi 7^ 0, 21 7^ 0. Now note that the equations have scaling symmetries x — > Aix, y X2y, 
z — > A3Z, so without loss of generality we can assume xi = yi = zi = 1. The equations 
corresponding to partial derivatives with respect to the other variables are then a nice set S 
of equations that can be solved with a finite set of solutions. The equations corresponding 
to partial derivatives with respect to xi, yi, zi are an extra set of constraints. From the 



*We thank Davide Gaiotto for providing this argument. 
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homogeneity oiW{x,y,z) it follows that these three extra equations are satisfied iff the 
superpotential evaluated on the solutions to S is zero. On the other hand the coefficient 
Cm does not enter the first set of equations S. Picking different values for cm one can get 
any possible value for the superpotential. It follows that branches with x, y, z all different 
from zero can exist only for a codimension one set of coefficients Cijk, and are generically 
absent, proving our claim. 

Which of the three branches is turned on depends on the signs of the Fayet-Iliopoulos 
parameters 'df. 

• Xj = corresponds to t?3 < 0, 'i?2 > 0, with i^i of either sign 

• yfc = corresponds to t?i > 0, 'i?2 < 0, with of either sign. 

• Zi = corresponds to i?3 > 0, -i?! < 0, with ■i?2 of either sign. 



Note that on any branch, eqs. (5.3(:- 5738| ) show that the nonzero \xj\ , \yk\ , are 



bounded by \'di\ and hence can be made small, justifying our use of the cubic superpotential. 
When ( 5.4C| ) is satisfied, there is an even simpler argument for the absence of branches 



with all x,y,z nonzero: in this case dyW = imposes more equations than there are 
unknowns X j ij Z^, 5 SO this equation will generically not have any solutions apart from the 
trivial ones x = or z = 0. Assuming > (the case < can be dealt with 
analogously) then implies using ( |5.38| ) that x / 0, so we must put z = 0. From ( |5.38| ) it 
then follows that there can only be solutions for ■!?! < 0, decaying at marginal stability 
i9i = by splitting off Fi, in accordance with what we found in the spacetime picture in 
section |3.8| . 

Since z = 0, the D- and F-constraints reduce to 



M = {{x,y) €CF''-' xCF'-'\Y,CijkXjyk = 0, i = l,...,c}, (5.44) 



with X and y now interpreted as homogeneous coordinates. Now for any fixed x G CP*^"^, 
the above equations cut out a CP^""^"^ in CP''^^. It is clear that this is true for generic 
X, but when (5.40) is satisfied (and Cijk is generic, as we assume throughout), it will 



in fact be true for any x. This is easily seen for example by taking the Cijk such that 
Mikix) = J2j (^ijkXj = Xk-i+1 (with Xj = if j is outside the range 1, . . . , a), and noting 
that M{x) manifestly has always maximal rank on CP"~^. 

Therefore in this regime is a CP^"*^"^ fibration over CP'^^^, without any fibers 
degenerating. Therefore 

x{M) = {b-c)a, (5.45) 
which brings ( ^.43 ) in exact agreement with ( |5.41] ). 



Note that this is again an explicit realization of the picture outlined in section 4.1 
and of the assumptions made there. In particular we see explicitly that the F-constraints 
effectively put the net intersection product between the two ousters + F3,Fi) = b — c 
equal to the total number of nonzero bifundamental scalars between theses two constituents, 
and that the fibration is regular. 
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It would be very interesting — even within the context of the present example — to 
do a more systematic study of the various flow trees that can arise and in which regions 
they do arise. It would also be interesting to compare more systematically with the quiver 
picture. This picture will be accurate in an open region around the point where all three 
charges Zi are aligned, but it is easy to see that it must fail at some distance of order one 
from this point, because the lines t?j = and 0j = will not coincide. However, these 
matters lie outside the scope of this short note, so we will leave them for future work. 

5.3 Entropy of the three node quiver in the scaling regime 

The analysis of the three node closed loop quiver changes significantly when all three 
triangle inequalities are satisfied. For one thing, fiber jumps now become possible, with 
the potential of drastically increasing the complexity and Euler characteristic of M.. This 
is expected physically: as we saw in section |3.8| , in this case there is no obstruction to 
letting the centers approach each other arbitrarily closely, asymptotically forming a black 
hole. Such solutions can no longer be forced to split. Thus they are not described by a 
flow tree but rather by a single flow, so our factorization arguments no longer apply, and 
the emergence of a horizon in the asymptotic limit suggests instead an exponential black 
hole type ground state degeneracy. 



Note that our realization of the quiver described above and exemplified in figure 14 is 
never in this regime, since it always violates the triangle inequalities by 6 > a + c. It is not 
extremely easy to find realizations of scaling solutions in terms of rigid constituents. How- 
ever, we expect that a simple realization with rigid nodes satisfying the triangle inequalities 
and corresponding to a scaling solution can be obtained by adding a rigid D2-brane to the 



charge in eq.( |3.57 ). (We say "expect" because we have not verified that the discriminant 



T>{H{x)) is everywhere positive.) We assume there are such realizations and proceed. 

To compute the Euler characteristic in this case requires more sophisticated machinery. 



According to the general formulae of |94| the Euler characteristic is given in the general 
case by 

^^■^^ - (a-l)!(6-l)! il + J, + .hr ^ ' ^ ''^='^=° ^ ^ ^ 

b 



jdj, ydj,jrv,-^ ^^+;^^^°^|+^;^ {j. + ^r. (5.47) 



The contour integrals are on small contours Jj = e^e*^' and the relative sizes of do not 
matter. 

The evaluation of these integrals is nontrivial and given in appendix |^. We find the 
following elegant exact expression: 



X{M) = ab 



roo 

/ dse-'Ll_,{s)Ll,{s)Ll__,is), (5.48) 
Jo 



where the Ll are Laguerre polynomials. Amusingly, these kinds of integrals arise in atomic 
physics, since the Laguerre polynomials are the radial eigenfunctions of an electron in 
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a Coulomb potential. We don't know if this is a coincidence or has a deeper physical 
explanation. Recall that the small asymmetry between (a, b) and c arises from the fact 
that we are considering the case 9i < 0, 9^ > 0, putting us on the branch z = 0. The other 
cases give rise to expressions with obvious modifications. 

Equation ( ^.48 ) reproduces ( 5.45| ) when 6 + 1 > a + c, so in particular also when ( 5.4C| ) 



is satisfied, as expected. More interestingly, when all triangle inequalities are satisfied, we 
find that the degeneracies start increasing exponentially. This is in beautiful agreement 
with the fact that in this regime, the state no longer splits and a black hole can be formed, 
as we saw in section More precisely, we find the remarkably simple and suggestive 
result 

xiM) ~ (a6c)-i/3 2a+b+c (5 49) 

in the regime in which (a, b, c) are not too different from each other. Note that this amounts 
to a macroscopic entropy, since the intersection products (a, b, c) scale as when scaling 
up uniformly all charges by A, just like a large black hole. 

The formula ( ^.491 ) suggests an interpretation in terms of fermionic degrees of freedom 
stretched between the centers, one per unit of intersection product, at least at large a, 
b, c. It is an interesting open problem to explain this result. Clearly, one would have 
a hard time getting such exponential degeneracies from a simple three particle quantum 
mechanics, unless new degrees of freedom appear in the scaling regime. 

6. Counting BPS degeneracies 

In this section we specialize the general tools developed so far to our actual problem of 
counting D4-D2-D0 state degeneracies. The idea is roughly as follows. We use the fareytail 
expansion to reduce the counting problem to computing polar D4-D2-D0 indices. We show, 
using our index factorization formulae, that at least for the "extreme" polar states, these 
indices factorize into D6 and anti-D6 indices. This leads to an approximate factorization 
of the leading term of the fareytail series into a D6 and an anti-D6 partition function. 
We argue that the latter can be identified with the topological string partition function. 
Putting the pieces together, we obtain an expression of the form Zbh ~ ^^top^^top- 



In section 6.1, we explore the relation of D6-D4-D2-D0 indices and DT invariants. 
This is nontrivial because of the background dependence of the former. We also show 
how quantizing particle halos leads to MacMahon and Gopakumar-Vafa-type generating 
functions. In section |6.2| , we compute indices of D6-anti-D6 bound states using index 
factorization, and in section |6.3| we show that this leads to a suitably factorized generating 



function. In section |6.4| we show to what extent this can be used to compute polar D4- 



D2-D0 indices, and based on this we give a derivation of a refined version of the OSV 



conjecture (|6.113D 



6.1 D6-D4-D2-D0 degeneracies 

We now turn more specifically to degeneracies of bound states of a single D6 with lower 
dimensional branes. Donaldson-Thomas invariants, which "count" ideal sheaves, count in 
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some sense BPS bound states of a single D6 with D2- and DO-branes. However, there 
is an immediate problem with this interpretation: the actual BPS indices of such bound 
states depends strongly on the background moduli, due to jumping phenomena at marginal 
stability walls, while DT invariants are insensitive to the background. We saw examples 
of the background dependence of such BPS states in sections p.6| and |5|. Examples of 
supergravity realizations of such states with a limited domain of stability are halos of DO- 
branes around some D6-D4-D2-D0 core. More general such halo-configurations exist, for 
example replacing the DO-particles by D2-D0 particles, as shown in fig. The latter 
have an even richer structure of marginal stability walls, and they extend all the way to 
the infinite radius limit, so unlike for D4-D2-D0 systems, one cannot avoid these issues 
by restricting to the large radius limit. Moreover, as is manifest e.g. in equation (^.41), 
when these D6-D4-D2-D0 bound states are used as building blocks for more complicated 
configurations or flow trees, the relevant moduli are determined by the split points of the 
attractor flow trees, so we cannot just pick some values we happen to like. 

6.1.1 D6 -I- DO-halos 

Let us begin by considering the degree zero part Z^j. of the DT partition function, intro- 



duced in (|1.21|) . This supposedly counts D6-D0 bound states, but we know that at i? = 
for example, there are no such bound states. On the other hand, for B sufficiently large, 
these bound states do exist, and then Z^rp correctly counts them. 

A simple way to derive this is through the DO-halo picture in supergravity. The 
following gives a sketch of how this is done, based on the detailed study of analogous 
systems in [^], to which we refer for more details. 

Since DO-branes can form bound states with each other of arbitrary charge, the par- 
ticles in the halo can have arbitrary DO-charge. To have a BPS configuration, all charges 
have to be of the same sign though, determined by the sign of the i?-field, as in ( p. 551 ). Let 
us assume this is positive. 



As reviewed under ( 3.24 ), the contribution to the angular momentum of a particle 
of DO-charge n moving in the magnetic field of a D6, arising from its position degrees 
of freedom and the intrinsic monopole-electron type angular momentum stored in the 
electromagnetic field, equals j = ^{D6,nD0) — ^ = (n — l)/2, hence the contribution 
to the degeneracy of BPS ground states from quantizing these degrees of freedom equals 
2j + 1 = n. 

In addition, the particle has a number of "internal" BPS ground states, obtained by 
quantizing its position moduli (super)space inside the Calabi-Yau threefold X. These are 
simply given in the usual way by the cohomology of X, and their spin is determined by the 
Lefshetz SU(2) action on H*{X); in particular a p-form has spin = (p — 3)/2, which is 
half-integral when p is even. Since as we saw, the position hypermultiplet is forced by 
the radial magnetic field to be in a spin 1/2 state, the even cohomology will thus correspond 
to bosonic particles, and the odd cohomology to fermionic particles.^" 



*°Here "bosonic" and "fermionic" refers to the nature of the individual particles (the electrons). Whether 
the bound state with the D6 as a whole (the atom) will be fermionic or bosonic also depends on the spin 
(n — l)/2 coming from the quantization of the monopole-electron system as discussed above. 
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To summarize, one particle ground states are labeled by their DO-charge n > 1, an 
integer m G {0, . . . , n — 1} labeling the lowest Landau levels, and an element uj of H*{X). 
Since the particles in the halo are mutually BPS, classically they do not exert static forces 
on each other, and hence in the ^ — > limit the multiparticle ground states are simply 
labeled by occupation numbers of single particle states: \{kn,m,u)}n,m,ui) ■, where uj runs over 
a basis for the cohomology. Since we are considering a Fock space of DO particles in a fixed 
D6 background we form a Fock space of bosonic one particle states corresponding to even 
degree cohomology classes and of fermionic one particle states corresponding to odd degree 
cohomology classes. Thus we have bosonic occupation numbers kn,m,u)e ^ where oJe runs 
over a basis for the even-degree cohomology and fermionic occupation numbers kn^m,ujo ^ 
{0, 1}, where uJq runs over a basis for odd-degree cohomology. While the fermi/bose nature 
of the individual particles is governed by the degree of the cohomology class, the total spin 
Jg (as usual with the contribution of the center of mass degrees of freedom factored out) is 
J3 = X] kn,m,u){fn — -|- '^"^^2^ Putting all this together, and letting he, ho denote the 
dimension of the even, respectively odd cohomology, the generating function for the index 
dN oi D6-D0 BPS bound states of total DO-charge (defined following (O)-(O)) is 



^djvu^ = Tr (-1)2^3^^ 

N 




n=l \fc=0 / \fc=0 

00 00 

JJ (1 - (-n)")"(-^'=+''°) = n (1 - (-?i)")""'^(^) = M(-u)^(^) (6.1) 



n=l n=l 



where M is the MacMahon function. This exactly reproduces the expression ( [1.21 ) for 
Z^j,, including all signs. 

If the value of the B field is such that the BPS condition requires negative DO charge, 
the generating function is obtained from the one above by substituting u u~^. 



Incidentally, from the weak coupling expansion (1.16) of the MacMahon function 



in particular from the exp[^^^^^^^] singularity — we can extract the n ^ 00 asymptotics 



dn = NDT{0,n) 



exp[ 
Re 



(xC(3)n2)V3 + (i X)logn] if x(^) > 



e^<^exp[e^'^/3|(|x|C(3)n2)V3 + (i _ X)iogn] 



if x{X) < 

(6.2) 

where (/> is a real constant and we dropped the 1-loop prefactor. Hence the large n entropy 
of the DO-halo goes roughly like S ~ n^/^, but with large oscillatory fluctuations when 
x{x) < 0. 



As we saw in section 3/7, DO-halos appear as part of multicentered D4D2D0 states, 
and thus the MacMahon function naturally appears in generating functions determining 
black hole entropies. In this way the above derivation resolves an old puzzle. It seemed 
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mysterious how microstate counting could account for the strange term x{^)C{'^)/9^ 
the expansion of the topological free energy i^top and therefore in the black hole entropy 
formula. Now we see where it comes from: the MacMahon function arises from counting 
DO-halo states, and this in turn gives rise to the term x(X)^(3)/(7^ from the small g 
asymptotic expansion 



6.1.2 D6 + D2-D0-halos and relation between BPS indices and DT invariants 

Before we get to counting bound states of D6-branes with D2-D0 halos around them, let 
us briefly review the counting of D2-D0 BPS states and the definitions of BPS and DT 
invariants. 

At zero string coupling, single D2-D0 particle states of (-D2, DO) charge (Q, n) are 
given by cohomology classes of D2 moduli space. The (-02, DO) moduli space is a torus 
fibration over the deformation moduli space of a holomorphic curve in homology class 
Q in X. The curve represents the supersymmetric cycle on which D2 is wrapped while 
the torus fiber accounts for Wilson line moduli. The cohomology can be decomposed 
according to representations of the SU{2)i x SU{2)ji Lefshetz action on moduli space 
|32, p^, 95, 111] where roughly SU{2)ji acts on the base cohomology while SU{2)l acts on 



the fiber cohomology. After uplifting to M-theory, the SU{2ys can be identified with the 
factors of the 5d little group SO{4) = SU{2)l x SU{2)r [||]. 

Let JV^^'™^ be the dimension of the cohomology group of the moduli space D2 of 
branes of charge Q and {J'l, Jfj) = {mL,mR). One can construct a well-behaved index 
from this by tracing over the SU (2) factor: 

iV™^ := ^(_l)2rn«^^L,mK^ (g_3) 

The usual Witten index of all BPS states, which up to a sign is the Euler characteristic of 
the moduli space, is obtained by tracing this index in turn over the SU{2)l factor: 

iVQ:=5](-l)2--iV-^ (6.4) 
These indices are related to the BPS invariants ng by [95| 

Note the interesting cancelation leading to the last expression, due to the binomial formula 
X^^=o(~-'-)"' (m) -'■)" ~ fundamentally this follows from the fact that a 

D2-brane of genus greater than comes with a moduli space containing a torus factor from 
the Wilson lines, which has zero total Euler characteristic when excluding degeneration 
limits. Only a complete degeneration to 5 = components eliminates the torus fiber and 
gives rise to a nonzero Euler characteristic. 

With these invariants and using the GW-GV-DT correspondence outlined in section 
|1.3| , one can build up a generating function for DT invariants, as follows 

/3,n Q>0,mi,fc>0 
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After some manipulations starting from p.q ) and involving binomial identities and chang- 
ing product variables, this can also be written as 133] 



Zdt{u,v) = Z%np{u,v) Z'j^np{u,v) (6.7) 

ZItM = J](l-(-^)^)-'=xm (g,8) 

fc>0 

Z'jjnp{u, v) = Z'l^^'^{u, v) Z'^^°{u, v) (6.9) 

Z'^^='{u,v)= n (l-(-n)^«)H (6.10) 

Q>0,fc>0 

z'sriu,v)= n n (i - (-r'"'-^) • (6-11) 

Q>0,r>0 £=0 

The DT invariants count in some sense D6-D2-D0 bound states, as we will make precise 
below, but we can also use them to count more general D6-D4-D2-D0 bound states (with 
= 1), by parametrizing the charge F as in (|4.17|): 



F = e^F(/3,n) := e^(l - /3 + n w)(l + §) = e^(l - /? + ^ca + n w). (6.12) 

Multiplying by amounts to tensoring by a line bundle with field strength F = S", or 
gauge equivalently, to shifting B ^ B — S. The gauge invariant statement is that this 
transformation turns on a nonzero T := F — B. It is well known that tensoring by a 



line bundle this does not affect /i-stability. Essentially this argument was used in |44, 29 1 
to conclude that fi(F)|t does not depend on S. However, //-stability does not precisely 
coincide with physical stability, not even at infinite radius, and indeed as we saw (and 
are going to elaborate on in what follows) the large radius BPS spectrum of D6-D2-D0 
bound states is in fact not invariant under arbitrary shifts of so the physical ^^(F)|j 
will actually depend on S. Thus, the question arises then in which regime, if any, the DT 
invariants do count physical D6-D2-D0 BPS states. 

Another issue, already mentioned in section is that not only ideal sheaves T are 
suitable to model D6-D2-D0 bound states with = 1, but their duals T* are as well. They 
differ for example in that ideal sheaves have DO charge bounded from below at any fixed 
D2 charge, whereas their duals have DO charge bounded above. This leads to the puzzle 
which of the two we should consider. 

Both of these conundrums are resolved if the DT invariants correspond to BPS invari- 
ants only for suitable limits of the B field. In particular, we will consider limits in which 
B is taken proportional to J and taken to plus or minus infinity. The dichotomy between 
ideal sheaves and their (derived) duals then depends on the sign of the i?-field. 

To be specific, let us assume P is some arbitrary auxiliary class inside the Kahler cone, 

and 

B + iJ ={x + iy)P, F = S = sP, := F - B = {s - x)P =: f P. (6.13) 

Then we claim that any ideal sheaf with fixed {l3,n) specified as in ( 6.12| ) will become 



stable for sufficiently large negative /, and their degeneracies ^(r)\(x+iy)p counted by the 



'^Thus disproving a conjecture made in 
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DT invariants N£iT{(3,n), while for sufficiently large positive /, the duals of ideal sheaves 
are stabilized, and their degeneracies counted by N£)t{P, —n). 

At the end of this subsection, we will outline an argument for the correctness of this 
claim by uplifting to M-theory, refining the analysis of [2E]. Before we get to this, we will 
make our claim more precise and elaborate on its consequences in the IIA picture. 

First note that from the discussion of D6-D0 bound states above, it follows immediately 
that this proposal is correct for /3 = 0. When f3 ^ 0, there are in general various possible 
configurations with the same charge, consisting of a core which could for example be a 
simple D6-D4-D2-D0 black hole, surrounded by halos of D2-D0 particles at radii fixed by 
the D2-D0 charges and the background Kahler moduli. The typical state will thus look 
like an onion with many different layers of D2-D0 halos, as illustrated in fig. 15a. 



y y'. 



G 

(8) 



Figure 15: Left: Sketch of a typical D6-D4-D2-D0 bound state in 4d, consisting of layers of D2-D0 
halos around a D6-D4-D2-D0 core (e.g. a black hole). The larger T = F — B \s, the more layers 
can be added. Conversely, by decreasing layers get peeled off one by one, moving out to r = oo. 
Right: Uplift to 5d: M2 branes in Taub-NUT + flux (see below). 

Halo configurations have walls of marginal stability and only exist for a certain range 
of values of T. Applying the stability condition ( 3.23| ) to a two-particle system of total 



charge F = e'^F(/3, n), consisting of a core of charge Fc = e'^F(/3c, Uc) around which a D2-D0 
halo of charge Th = e^{—Ph + nhuj) is orbiting, with S, B and J as in (|6.13| ), we find 



- \2{P . 13!,) ^fif + y') - — j + rif, ^y' - 3f' + J J > 0. (6.14) 

Asymptotically for y ^ oo this becomes 

-nh{2{P-Ph)f + nh)>0, (6.15) 

so there is a marginal stability line running all the way to infinity, at x = s + nh/2(P ■ Ph). 
Actually for this to be a true marginal stability line where the phases of the halo and core 
central charges align, we also need • P > 0, as can be seen by examining the asymptotic 
behavior of the central charges for J — > oo. 

Note in particular that ( |6.15 ) implies that at / = (and y — > oo), there are never 



such BPS states, while for / — > — oo, all > states become stable, while all < 
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states become stable in the opposite regime / — > +00. In fact the latter is also true at 
finite values of y, as is easily seen from ( |6.14 ). 



When we add more D2-D0 particles, we should in principle use the more general 
multicentered stability conditions ( p. 21 ). Since the mutual intersection products between 



the D2-D0 particles are zero, this effectively boils down again to the 2-centered stability 
condition we used to obtain ( |6.14D for each individual particle in the halo, with e^{—Ph + 
UhU)) the halo particle charge considered and e^T{P,n) the total charge of the system. 
Note though that for y ^ 00 the n) dependence in ( 6.15| ) drops out so the stability 



conditions are given by a set of simple, independent constraints. Similarly, independent 
of which halo particles are present, it will always remain true that for x — > +00, Uh > 
halos are stabilized, while for x —00, < halos are stabilized. Hence we see that the 
large radius spectrum of D6-D2-D0 bound states has total DO-brane charge n unbounded 
above at x — > +00, while n is unbounded below at x ^ —00. The former is characteristic 
for ideal sheaves, while the latter is characteristic for their duals. (Recall eq. 4.24| .) This 
supports our claim above. 

One could ask how exactly the index of BPS states i}{T)\B+ij changes when we change 
J^. This is most easily described by considering the generating function 

2d6-D2-do(w, v;B + iJ) := f^(r(/3, n))\B+^J v'^ (6.16) 

/3,n 

where = nA(^^)^'* ^"^^ take r(/3, n) as in ( |6.12D (so here J- = —B). We will in 
particular be interested in the case B + iJ = (x + iy)P, with P at this point an arbitrary 
auxiliary class inside the Kahler cone. 

The generating function ZDQ^Y)2-Boi'u,v; {x + iy)P) will jump whenever x + iy is 
changed such that ( |6.14| ) goes from not being satisfied to being satisfied (or vice versa) 
for some {(3h^nh). This adds states consisting of an arbitrary^-^ number of D2-D0 particles 
(consistent with the exclusion principle of course if the particles are fermions), leading, 
following a reasoning similar to the derivation of the DO-halo degeneracy to a jump 

ZDG-D2-DQ ^ (1 - {-uY'^vM'"''^^''^ Zm-D2-DQ. (6.17) 

with Nji^ = as in (|6.4| ) and (|6.5|). Analogous to the D6-D0 system, the factor \nh\ 
comes from the Landau degeneracy of the D2-D0 particle in the D6 background, since the 
intersection product equals \nh\. Using this, and recalling that at x — > +00 all n/j > 
halos are stabilized, while at x = 0, y = 00 none are, we can write 

j.^ 2De-D2^D0in,V■,ix + ^y)P) ^ yr (6.18) 

,^+00 Zne-D2-Doin, v; lyP) ^^^^^^^^ 

= Z'i;=\u,v). (6.19) 

When the limits are interchanged, there is an additional factor for = given by (|6.1|), 
corresponding to DO-halos. 



''^Note that ( |6.14[ ) is invariant under {(3,n) —^ {l3,n) + k{(3h,nh), as it should, so the number of particles 
of charge (/3h,nh) we add does not matter for stability. 
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Comparing to (|6?7|)- (|6.11 ), we see that our proposed identification of 



lim lim Zm-D2-Do{u, v; {x + iy)P) 

a;— >+oo y— >+oo 



witli Z'j^rpiu, v) is valid provided 



lim ZDG^D2--Do{u,v;iyP) = Z'^^°(u,v). (6.20) 

Note that this is manifestly invariant under u ^ (i.e. inversion of DO-charge) and has a 
finite range of DO-charge for fixed (ih,. Similarly, if we require our proposed identification in 
the opposite regime, namely lim^j^-oo limj^^+oo Zj:iq-D2-dq{u, v; {x+iy)P) = Z'j^j.{u~^ ,v), 
to hold, we find again ( |6.20| ). 

In fact, for our analysis below, we will need to refine these statements. There are four 
distinct ways of taking a limit to infinity, due to the fact that D6D0-type lines of marginal 
stability go all the way to infinity, being asymptotically of the form z := x + iy = Ae^'^*/^ 
and z = Ae'^*/^ with A +00. Correspondingly, we distinguish the limits z — > C'^ , along 
a line infinitesimally above z = Ae^'^*/^, and z — > along a line infinitesimally below 
z = Ae^'^*/^. Similarly, z TZ^ is the limit going infinitesimally above (below) the line 
z = Ae'^*/^. Now we have 

lim Zd6-D2-do{u,v;zP) = Zijj.{u~^,v) (6.21) 
lim Zd6-D2-do{u,v;zP) = Z'^jj^{u~^,v) (6.22) 

lim Zd6-D2-dq{u,v;zP) = Z^jj^{u,v) (6.23) 

z^n- 

lim Zd&-D2~dq{u,v]zP) = Z'j^j,{u,v) (6.24) 

Finally, we sketch how to establish the proposed identification by uplifting to M-theory, 
refining the analysis of ||2^ . The lift of D6-D4-D2-D0 bound states to M-theory is given by 
M2 branes in Taub-NUT (deformed by the fiux) times the Calabi-Yau, with the DO-charge 
corresponding to the U{1)l isometry along the Taub-NUT circle. This is sketched in fig. 
[T5| 6. Turning on wordvolume fiux F = S = sP > on the D6 corresponds to turning on 
an M-theory 4- form flux G = sP A wttv, where ojtn is the harmonic self-dual 2-form on 
Taub-NUT. In the absence of this fiux, the M2 branes must sit at the center of Taub-NUT 
to be BPS. This corrseponds to the core states. Now when we turn on the magnetic flux, 
the M2 branes get access to a number of lowest Landau level states, carrying increasing 
U{1)l charge. These will in general be localized at a nonzero distance from the center of 
Taub-NUT, and thus correspond to the halo states in four dimensions. However, for a finite 
total integrated fiux, there is a bound on the number of lowest Landau levels that fit in the 
Taub-NUT space — beyond this cutoff, the equilibrium location of the M2 branes runs off 
to radial infinity. The number of lowest Landau levels that do fit in the Taub-NUT space is 
proportional to the fiux, and this leads to the dependence of the BPS spectrum on the fiux 
derived above in the IIA picture. The limit |s| ^ 00 corresponds to infinite total integrated 
flux, which removes the bound on allowed lowest Landau levels. If at the same time we 
let the Taub-NUT radius go to infinity, we end up with a constant, arbitrarily small fiux 
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density G ~ i{dzi A dzi + dz2 A dz2) A P on flat C x X, which is indeed the background 
imphcitly used in [29| to show that M2 BPS states are counted by Ztop = Zqy = Zdt- 



Therefore, in the |s| ^ oo regime — and only in this regime — the derivation of |29| goes 
through, proving our claim. 

6.1.3 Core states 

In the previous section we were led to interpret the factor Z'^^^{u,v) as counting halo 
states. It is natural to wonder about the physical interpretation of the remaining, non-halo 
states counted by Z'^^^ {u,v) in ( 6.20 ). We will refer to these states as core states. Core 



states are characterized by the absence of marginal stability walls extending to infinite 
radius. 

One immediate consequence is that at sufficiently large background J, these states are 
stable for all values of the i?-field. Single centered black holes are of course the simplest 
example, but multicentered configurations are also possible as we will show below. In this 
case the centers can be squeezed arbitrarily close together (at least in coordinate distance) 
by taking J sufficiently large. These states can subsequently be "dressed" with the D2-D0 
halos described in the previous subsection, which even at infinite J can be given arbitrarily 
large radius by tuning the B-field close to the wall of marginal stability. This justifies the 
names core and halo states. 

Another consequence is that core states, unlike halo states, have degeneracies at J — > oo 
symmetric under inversion of DO-charge. This is a result of combining the F — > F* , i? — > — 



symmetry described in section 3.3 with the absence of walls of marginal stability for J oo. 
This is in agreement with the fact that Z'^r^^ is invariant under u — > , while Z'^^^ is 
not. 

Note that multicentered bound states of charges which all have nonzero magnetic (D4 
or D6) charges are always core states. In other words halos with lines of marginal stability 
extending to infinite radius can never contain magnetic charge. For halo particles with 
nonzero D4 but zero D6 charge this follows from the fact that since the total charge F 
must have D6-charge 1 (by assumption), at J = cxd we have Z{T) ~ —iJ^ imaginary while 
Z{D4:) ~ P • is real, so there cannot possibly be a wall of marginal stability for splitting 
off the D4 extending all the way to J = oo. For halo particles with negative D6 charge 
centers the reasoning is similar: now the central charges both are imaginary at infinity, 
but with opposite phases. For halo particles with positive D6 charge the complement 
has necessarily negative or zero D6 charge, so the previous reasoning can be applied to 
the central charge of the complement. Only when the complement has nothing but D2-D0 
charge (with P ■Qd2 < 0) is there a wall of marginal stability which extends to infinity, but 
in this case the original center of course corresponds again to a core state, the complement 
being a D2-D0 particle or halo orbiting around it. 

An example of a nontrivial core state was in fact already discussed above in section 
5.2.2| . We will now examine another class of core states, which we will use to construct 



"swing states" in section 6.3.2 . These will play an important role in delimiting the region 
of validity of the OSV conjecture. For this reason, we will give a detailed stability analysis 
of this class. 
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We consider bound states of a pure fluxed D6 with a D4-D2-D0 black hole, such that 
the total charge T has no D4 charge, that is we take (neglecting the C2/24 correction) 



r = r(/3i,ni) = I - Pi + niuj 



constructed as a bound state 



r = f + f' 



with 



r = e 



-u-v 



(U + qoUj) 



f' 



so 



/3i 



uv + -u' 



m = -u{U + vf 



+ qouj. 



(6.25) 
(6.26) 

(6.27) 
(6.28) 



To be more specific, we assume that U, V are positive divisors, which for simplicity 
we take to be proportional to P. This allows us to restrict the moduli to the complex 
plane B + iJ = zP, rendering the problem effectively one dimensional. It is furthermore 
convenient to define the notation U = uP,V = vP,qo = qoP^- We will assume that T is 
realized as a single centered black hole, which amounts to taking % < 0. We will more 
specifically be interested in cases with small u and v of order 1, with l^ol sufficiently small 
so ^ 

(6.29) 



1 2 

-uv +qo>0. 



An example is shown in fig. 
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Figure 16: Left: Plot in the z-plane of the split flow described in the text with u = 10~^, v = 1, 
qo = — 10~^, Zoo = 3e^"/^. The green dotted line labeled C+ is the ms line, the pink dotted hne 
labeled C_ the anti-ms line. Note that at z^o = e^*'^/^ (yellow dot), the bound state does not 
exist. Right: Split flow for dual charges obtained by setting u ~ —10^^, v = —1, go = 10^^, with 
2^00 — e^'^^l'^. We do not analyze such negative u,v cases in detail in the text because unlike the 
positive (w, v) cases, their stability for z^c near e^'^'^l'^ is guaranteed, making them less of an issue 
in the analysis in the following sections. 

Let us analyze for what values of Zoo this state exists. Since F is a single centered 
black hole and F' is just a pure D6 with flux, the two constituents are guaranteed to exist 
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everywhere in moduh space. Therefore the stabihty analysis reduces to an analysis of the 
existence and location of a line of marginal stability for the split flow F — > F + F' . 
The total discriminant is 



8u^{v + u/2f - 9(toV2 + u^v + + q^f 



(6.30) 



up to a positive coefficient of proportionality. Hence, when v is of order 1 and u is small, 
D(F) will be negative. This means there will be a zero of the central charge, which should 
be reached by the F attractor flow only after crossing a marginal stability line if we want 
the split flow to exist. 

Now we consider the stability condition ( 3.23 ). Define z := z + u so that the central 
charges are: 



Z{t-B + iJ) 



1 



Z{f';B + iJ) = —P^ (6.31) 



so the stability condition becomes 



.1 



{^uv^ + qo) Im 



{^u{z + vf + go)^^ 



> 



The marginal stability curve 



can be written as: 



Im 



{]^u{z + vf + go)^^ 



(6.32) 



(6.33) 



(x^ + y^f + Av{x^ + y^)x + {v^ + —){3x 



2%. 



y 







where z =: x + iy. The solution is the x-axis together with two bounded components 
roughly of the shape of a cardiode with the tip at the origin z = 0. Writing z = re*^ they 
are given by 



-2ucos(6') ± 



i;2 + ^(l_4cos2(^)) 



(6.34) 



Call the plus branch C+ and the minus branch C_ . 

Under the condition ( |6.29D we find that (in the upper half plane) C+ is swept out 
^ < ^ < vr and C_ is swept out for ^ < < tt. Clearly C+ encloses C_ and they only 
intersect at the origin. The region at r — > oo is a region of stability. 

Under our conditions C+ is indeed a line of positive marginal stability and C_ is a line 
of anti-marginal stability, and in fact the entire inside region of C+ is a region of instability. 

(To prove the above statement, we note that the lines ImZ(r)Z(r') and ReZ(r)Z(r') 
can only intersect when the product of central charges is zero, that is, at i = or at 
However the curve IieZ{T)Z{T') = intersects the x axis only at 

X = y = and at i = —v ± \J Now C_|_ intersects the x axis at x+ = —2v - 
and since 



-V ± 



-2qo 



-2qo 



(6.35) 
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it follows that the change of sign of ReZ(r)Z(r') happens inside the region enclosed by 

(6.36) 



C4.. Finally, note that up to a positive coefficient ReZ(f )Z(f') is given by 



and hence equals 



-^ur^ cos(0) + C'(r^) 



for large r, so clearly ii > 7r/2, r ^ 00 the quantity is positive.) 

It follows that if Zoo is outside the compact region enclosed by C+ then the split 
state does exist: The zero of Z{r] zP) lies on the antimarginal stability curve C_ which is 
contained within C+. The attractor flow heads toward this zero, and splits on the line C+. 
On the other hand, if Zqo is inside the curve C+ then the split state does not exist. 

Note that the M-theory uplift of such a 2-centered configuration is a black ring orbiting 
the center of a Taub-NUT space with flux, obtained from wrapping an M5 around a divisor 
U and the Taub-NUT circle and giving it some momentum around the Taub-NUT circle 
1 71, 76, 77]. The fact that the discriminant of the total charge is negative means that this 



charge cannot be realized as a BMPV black hole in Taub-NUT. 

6.2 D6-anti-D6 degeneracies 
6.2.1 Spectrum and flow trees 

We now turn to our main goal, namely computing degeneracies of polar D4-D2-D0 BPS 
states represented as D6-anti-D6 bound states. The attractor flow trees corresponding to 
those can be as simple as fig. |^ or as complex as fig. ^ but in any case, the first split 
will be into a pair of charges with D6-charges r and —r with r > 0.^^ The case r = 1 
will turn out to be the most important one, so let us consider pairs of charges Ti and 
parametrized as in ( 4.17 )-( ^n9| ), i.e. 



Ti = e^'T{Puni) = e^'{l-l3[+niuj), (3[ := - ^ (6.37) 
Fa = -e^2r(/32,n2) = -e^Hl-/3^ + n2u;), P2 := 132 - ^ (6.38) 



chosen such that the total magnetic charge P = Si — 5*2 is fixed at some large value inside 
the Kahler cone. The intersection product is (F2, Fi) = P^/6 — P ■ {(3'i + [5'2) + ni — n2 = 
Ip — P ■ (/?! + (32) +ni — n2- In the large radius limit J ^ 00, the stability condition ( 3.23| ) 
simply amounts to 

p3 

(F2, Fi) = — - p . (/?; + /3^) + m - 712 > 0. (6.39) 

In the limit P ^ 00, rii, fii fixed, this is automatically satisfied. Recall however that this 
is only a necessary, not a sufficient condition for existence. 

When TT-j,/?^ = 0, we have essentially the extremal case n = /? = in the class of 



examples studied section |3.4 Indeed we saw there that in this case these always exist as 



*^Recall that the case r = was excluded by (B.62) 
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bound states, and that this remains true for small perturbations away from h = (3 = as 
long as the charges Fi and r2 support BPS states (see fig. ^). 

Let us be more precise. To establish the existence of a D4-D2-D0 bound state at large 
radius, it is sufficient to establish this at a conveniently chosen value of the B-&eld, since 
we know the infinite radius limit of the D4-D2-D0 spectrum is invariant under shifts of B. 

We will take this value to be = after making the uniformizing change of variables 
B ^ B ( |3.3| ). In the case at hand 

B = ^l±h + Z)^Z)^^A/3b + B, A(3 = p2- /3i (6.40) 

which puts the total central charge in the form ( |3.4[ ). Using this it is straightforward to 
show that the attractor flow of the total charge T starting at i? = will remain at i? = 
and run straight down till it crashes on a zero of the central charge at Jq = ^^2%/]^ P, 
where 

go := qo - \D^''qAqB = ^ - \p{0i + 02) + ni - n2 - ^(A/?)^ > 0, (6.41) 

and (A/3)^ is defined with the D^^ metric. If we moreover take the initial point of the 
flow at Joo = UooP, the flow will simply be given by J = yP, where y runs down from 
Voo to 2/0 = \/^qo/P^- Hence our choice of i? = corresponds to a line to which attractor 
flows coming in from large radius converge, thus making it a particularly natural choice to 
make. 

In order for the first split F ^ Ti + r2 of the flow tree to exist, a wall of marginal 
stability must be met before the attractor flow hits yo. Since the total central charge is 
real along the flow, this wall must be at a solution y of ImZ(Fi)|y = linZ{T2)\y = 0. Thus 
the split point is given by 

t^s = {B + iJUs = ^1±^ + DaD^^'APb + iymsP. (6.42) 
where we choose the unique positive root: 

1 /3P3 

= TP V ~ " ^^^^1 + + 3(A/5)2. (6.43) 
Note that the argument of the square root is positive. To have yms > yo, we thus need 

Y - + 02) + |(A/3)' > (6.44) 

Note that this again automatically satisfied when P — > cxd at fixed rij, 

This condition is still not quite enough however, since it is not enough for the ZiVi) 
to be real to have a true marginal stability wall at y = y^s — they must have the same 
sign as well. In fact this sign must be positive since the total central charge Z is positive 
in the limit y — > 00 and remains so till it hits zero. This gives the somewhat complicated 
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conditions 



6 ' 2 P3 
-P(3'^ + (A/?)2 
p3 3 PA/3 



1 



(/3l + /3^)A/3- 



(A/3)= 



■2^2 ms — ~ ~ 



6 



2 P3 



(P(/?l+/3^)-(A/3)2) 



-P/3l + (A/?)2 + -(/3i + /3^)A/3. 



(A/3)= 



ni > 



+ 712 > 0. 



(6.45) 



(6.46) 



Here (A/3)3 := L'^bc(A/3)^(A/3)-S(A/3)^, with (A/?)^ := L'^^(A/3)b. Again, these con- 
ditions are automatically satisfied when P ^ oo at fixed Pi, nj. 

In summary, when % > the conditions for the split flow F ^ Fi + r2 to exist 
are given by the inequalities (|6.44 ), ( |6.45|) and (l6.46| ).^'^ To correspond to an actual BPS 
bound state, we furthermore need that Fi and F2 each support BPS states at y = yms- 
This is straightforward if Fi and F2 are realized as single attractor flows, but becomes 
again nontrivial when these charges themselves correspond to split flows: this is one of the 
main technical difficulties we face. 




0.1 0.2 0.3 0.4 0.5 




Figure 17: Left: The yellow shaded area is the projection of S[0, 1] into the /32)-plane. The 
green outline is the projection of S[.9, 1], the (smaller) blue one of S[A, .5] and the (smallest) red 
one of S[0, .1]. Right: Projection of S[0, 1] into the {hi, n2)-plane. 



To get a feeling for the implications of these conditions let us consider the simplest 
example: We take a CY with one Kahler modulus (for example the quintic CY) and 
suppose that Fi and F2 support single center attractor flows. Parametrizing P'- =: PiP'^, 
riiUJ =: fiiP^ , % =: (1 — ri)P^ /24, the P-dependence scales out of all inequalities ( |6.39 )- 
( 6.46 ), while the condition ( ^.191) for existence of the regular attractor points for Fj becomes 



Pi>0, 



9hf > 0. 



(6.47) 



**It can be checked easily that when qo > 0, (3.44) actuaUy imphes (6.39). Given the other two inequal- 
ities, one can also replace qo by on the right hand side of (3.44), since existence of j/ms and positivity of 



Re Z there imply that yms > yo, as Re Z is positive at 1/ = co and changes sign at t/ = j/o- 
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Since the system of inequalities is rather complicated we scanned the solution spaces 

5[a, 6] := /32, "-i; ^2)! 2-centered solution exists with a < 1 — r] < b} (6.48) 



numerically for various intervals [a, b] C [0, 1]. Fig. 17 shows the corresponding projections 
to the {Pi,P2)- and (ni, n2)-planes. 

One thing that transpires from this analysis which is not immediately obvious from the 
inequalities, although expected physically, is that, taking into account charge quantization, 
the solution space is finite. It is furthermore clear from the plots that the solution space 
does not factorize, in the sense that the choice of (/3i,ni) influences the stability domain 
of {(32, n2). Another distinct feature is the correlation between the size of {f3i,hi) and ij: 
the more polar the state is, i.e. the closer rj approaches 0, the smaller Pi and are forced 
to be. For Pi, hi <C 1 this is not hard to deduce analytically in the case at hand. When 
Pi, hi <C 1, all the required inequalities are automatically satisfied, except ( |6.47| ), which 
remains nontrivial. The relation between r] and the {Pi, hi) is given by 

V = l{Pi+ h) -hi + h2 + ]^CPi- h?- (6.49) 

When /3j <C 1, the term quadratic in the Pi is negligible compared the term linear in the 
Pi, and hi — h2 as well because of ( |6.47] ). Thus we get the simple relation Pi + P2 = 2r/, 
Pi > 0, 3hi < (2/3j)^/^, making it obvious that Pi and hi get smaller when % approaches 
its maximum, i.e. 7] — > 0.^^ 

In section |6.2.2 we will conjecture that the behavior exhibited in this example persists 



in the general case as well, namely, that the most polar states correspond to Pi,ni which 
are in some sense small compared to the scales set by P. 

We are thus interested in charges in which the Pi , Ui are "small" compared to the scales 
set by P. In the language of |^, 18], these are "dilute gas" states, which in our setup can 



be thought of microscopically as D2-D0 branes sparsely floating around inside the D6 and 
the anti-D6 branes. Let us now make this notion of dilute gas more precise. 
Define the scale of P by 

\P\ ■= (p3)l/3_ (g_50) 

We will take it to be large, and in the OSV conjecture it will scale to infinity. Next, define 
a set of "small" (/?, n) as foUows^^ 

C(P,e) :={(/?, n) 1/3 effective, /3-P<e|p||Pp, |n| < e|p| (6.51) 

Note that because P is very ample and P effective, we have in components with respect 
to a basis of the Kahler cone that Pa > 0, P^ > 0, so the bound on P implies for each 
component 

PA<e^-^\P\^^0{e\P\''), (6.52) 



*® Actually the maximal value of go is {P^ + C2 • P)/24, but in the P ^ 00 supergravity regime we have 
in mind here, the linear correction is negligible. 

''^By e|p| we mean to indicate that e can be taken to depend on |P|, e.g. e|p| ~ 1^"!^^, for \P\ — > 00. We 
will usually just write e though. 
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where we used that -p^ ~ C'(|P|'^) when we scale up P uniformly. Using this, it is clear 
that for sufficiently small e we have 



ni) & (/32, na) G C{P, e) ^ and (|6l6|) are satisfied. (6.53) 

and hence the split F ^ Fi + Fa exists. 
6.2.2 The extreme polar state conjecture 

In the previous section we have examined a particular class of examples in which a D4-D2- 
DO BPS state is accounted for as a D6-antiD6 split state. We are particularly, interested in 
polar states. As we will see, the "more polar" a state is - that is, the larger the value of % - 
the more important is the contribution of that polar state to the OSV formula. Clearly, the 
polar states analyzed in the previous section do not account for all polar states, since they 
only involve D6 branes with r = 1. In this section we will state a conjecture which claims 
that nevertheless, if we restrict attention to sufficiently polar states, then the examples of 
the previous section are indeed the most general examples. We will give some evidence for 
this conjecture. 

We know that any polar state splits into charges 

ri=re^^{l- Pi+niuj), T2 = -re^^l - P2 + n2Uj), (6.54) 

where r{Si — S2) = P- Subsequent splits can also occur, but here we are only interested 
in the first split. Splits in charges with zero D6 charge were excluded by ( p.62| ). 
For such a split, we have 

-ip-(/?i + /32)+ni-n2- J(A/3)2 I , P := - (6.55) 
2 2 J r 

where (A/?)^ = {DabcP'^)~' {Pi,a - /32,a)(/?i,b - 

We can introduce a measure of the degree of polarity of a D4-D2-D0 BPS state by 
defining 

(9o)max — qo ,„ 

r):= — -— , (6.56) 

\Q0 jmax 

where (go)max = ^ XT^ ■ Throughout, we will think of |P| as being very large, though 
finite. Therefore to good approximation, we can drop C2 corrections, which for simplicity 
we will do in what follows. We will define extreme polar states as those for which rj -^1. 
Then, we conjecture that for sufficiently small 77 < 1 there exists an e{ri) sufficiently small 
so that the restricted class of D6-anti-D6 bound states with charges drawn from the set 
C{P;e{rj)) defined in ( |6.51 ) indeed account for all such extremely polar D4-D2-D0 BPS 




states. 

It follows easily from the above formulae that r = 1 D6-anti-D6 bound states with 
{Pi, Hi) £ C{P,€) have ij < 0{e), and hence are extreme polar for small e. What we would 
like to know is the converse, namely that extreme polar states are only realized by splits 
with r = 1 and small Pi,ni. More precisely, we would like to prove the: 
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Extreme polar state conjecture: 

a.) For any 77=,, ^ 1, there exists an e{r]^:) <C 1 such that every D4-D2-D0 BPS state 



with rj < rj^ corresponds to a spht (ri,r2) as in ( 6.37D -( |08 ), with {Pi,ni) £ C{P,e{rj^)) as 
defined in ( |6.51 ). 



b.) Moreover, there is a P-independent constant, /i so that we may take e = /i?7*. 

Some heuristic intuition for the absence of "large" (/3j,nj) contributions to extreme 
polar state realizations is {i) the complexity and entropy of D4-D2-D0 states increases with 
r], and {ii) the complexity and entropy of D6-D4-D2-D0 states increases with the scale of 
{(3i,ni), so for {(3i,ni) too large, we would get a contribution with too much entropy. In 
the one modulus examples in section 3.2, in particular the discussion around ( |6.49| ), we 



saw this proportionality relation between r] and the scale of /?i,nj explicitly. 

The absence of r > 1 splits from the extreme polar spectrum is perhaps more surprising 
at first sight, but becomes less so when one notes that for f3i = 0, m = 0, qo = P'^/{2Ar'^), 
so 7] = 1 — 1/r^ > 3/4 for r > 2. We also conjecture that the latter is the maximal possible 
value for % at any given value of r, reached iff Pi = 0, = 0, i.e. for a bound state of a 
pure U{1) fluxed stack of D6-branes and a stack of anti-D6 branes. The truth of this latter 
conjecture is not necessary for our derivation of the OSV conjecture. 

Unfortunately, we have not been able to find a full, general proof of the extreme 
polar state conjecture. Within the class of r = 1 bound states, the main problem is to find 



suitable bounds on the positive contributions to % in (6.41), such that cancelations between 
"large" values of the Pi, rii are avoided. It seems reasonable that such large cancelations 
are absent, since just a slight change of such canceling large parameters would transform 
an extreme polar state (0 < 77 ^ 1) into a super-polar state {rj < 0), which we know are 
absent. However when looking in more detail, one finds that the bounds come from many 



different existence criteria, and all of them, including complicated inequalities like ( 6.45| ) 



and (|6.46D as well as various stability conditions for constituent D6-D2-D0 bound states 
must be taken into account to prevent such cancelations from happening. 

Let us nevertheless have a closer look at the conjecture. First note that C{P,e) 
is defined such that at fixed e and ignoring charge quantization, {P,n) £ C{P,e) iff 
A^n) G C{XP,e), i.e. it respects the scaling symmetry ( |3.27 ), as it should for the 



extreme polar state conjecture to make sense (since this relates e to rj^ which similarly is 
invariant under the above rescalings). 

It is not hard to show that the conjecture is indeed nontrivially true for the important 
special case of polar states splitting in two single centered black holes with charges 

Ti = re^i(l-/3i+niw), T2 = -re^^l - P2 + n2Uj), (6.57) 

where we take Pi = P2 =■ P, such that we don't have to worry about possible positive 
contributions from the (A/3)^ term in (6.41). For simplicity we will also take —rii = n2 ='■ n, 



but this can be easily generalized to ni ^ n2- 
We then get 




Qo = r{^—-P-P-2ny ^-7, (6-58) 



-89- 



and 

1 , 24 P • /3 + 2n 
^) + 

T T pi 

Furthermore the spht existence conditions ( |6.44 ), (|6.45| ) and ( |6.46D reduce simply to^'^ 



^ = (1-3) + - • (6-59) 



p3 _ 

P-/? + n>0, (6.60) 

6 



while for the black hole constituents to exist, ( 3.1S| ) must be satisfied, i.e. 



8(y3)2 -9n2 > 0, Y^:=p, Y > 0. (6.61) 



Now a general inequality for any triplet of divisors X, Y, Z inside the Kahler cone is |]99| 
(Theorem 1.6.1) X^Y^ Z'^ < {X -Y ■ Zf, so in particular we have {Y^fP^ < {Y^Pf = 
{P • P)^, and from this 

Denoting P ■ f3 =: PP^, n =: nP^, the above expressions become 

1 24,~ , 1 
- + -(/3 + 2n), - 



7? = 1 - — + — (/3 + 2n), --/3 + n>0, |n|<'\/^. (6.63) 




Note that the inequalities are of exactly the same form as the existence conditions in 
our class of examples studied in section From the analysis there, we can therefore 
immediately conclude that /3 + 2n > 0. This implies rj > 1 — which immediately 
excludes all r > 1 configurations, since we are considering extreme polar states here, which 
by definition have 77 <C 1. For r = 1, we have furthermore rj = 1 — 24 u in the notation of 
section 3^, and lines of constant rj in fig. |^ are given by translations of the purple dotted 



line, with r/ = 1 corresponding to the original line and 77 = to its translation to the left 
such that it contains the origin (/3, n) = (0,0). It is then clear from the plot that taking r] 
smaller and smaller will also cause f3 and n to become smaller and smaller. 

A precise bound is easily obtained by using /3 < | (as can be read off from fig. ^ 
together with r? = 24(/3 + 2n) > 24(/3 - ^p^^^), which gives P < h \n\ < This 



shows that all extreme polar 2-centered configurations with charges given by ( |6.57 ) have 



r = 1 and have {Pi,ni) G C{P,e), where we can take e = §, thus establishing the extreme 
polar state conjecture for this case. 

It is relatively straightforward to extend this proof to the case where we add D2- 
DO halos around the black hole centers while still keeping Pi = P2 and — ni = n2 = n. 
The conditions for having a split point remain unchanged, since these do not care about 



47 



Although we derived these stabihty inequahties only for the case r = 1, this is trivially extended to 



general r by using the uniform scaling symmetry ( 3.26 ), under which r fir, r{Si — S2) = P — > fiP, and 
l3, n are invariant. 



Recently used in |L00|. 
^^Recently, E. Andriyash has extended the argument to allow /3i 7^ /J2 and ni 7^ n2. 
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the composition of Ti and Evaluating ( 5.14| ) leads to the simple stability condition 



n/i(l + 6n — 6/3) > for halos around the second center, and the opposite inequality for 
the first center. Now the quantity within brackets is actually positive because of the split 
conditions given above, so the halo stability condition simply becomes > for r2 and 
n/j < for Ti. This means that the only effect of adding these halos will be to remove the 
red curved boundary on the right in fig. |3|, extending the stable (=yellow shaded) region 
to the downwards sloping blue line on the far right. It is then again clear from the plot 
that the extreme polar state conjecture holds in this case. 

Things become more complicated when we allow more general multicentered core con- 



figurations (such as those described in section |6.1.3D , or core configurations with /?i 7^ /?2- 
We analyzed in depth a number of examples, and always found the extreme polar state 
conjecture to be true. However the detailed arguments we found vary from case to case, 
tend to be messy, and are not particularly illuminating as to why the conjecture should be 
true in general, so we will not report the details here. 

On the other hand, it is possible to give a more general (albeit incomplete) scaling 
argument for why only r = 1 splits contribute to the extreme polar states. Say we start 
with a multicentered BPS configuration with initial split having r > 2. Then we can 
produce from this a multicentered BPS configuration with the same total P but r = 1 
by applying the scaling symmetries of section |3.3| with = r~^, X = r. This scales all 
ip^,p,q,qo) — > {p^ /r,p,rq,r'^qQ) and in particular % — > r^go- However we know that the 
maximal possible go equals (^o)max = -P^/24, so in particular we have r'^qo < {qo)max, hence 
for our original configuration ?? > 1 — > |, implying it is not extreme polar. 

Regrettably, this argument has a fiaw: if some of the centers have D6-charge p^ not 
divisible by r, the rescaled configuration violates charge quantization and is therefore un- 
physical, so we cannot use the physical bound on % (if we allowed fractional p^ we could 
produce super-polar states, so we should be strict as far as D6-charge quantization is con- 
cerned here). One could therefore worry that, for example, by splitting up the p^ = itr 
centers of the class of 2-centered solutions analyzed below (6.57), we could make % greater 



than the bound derived there, or equivalently r/ smaller than 1 — 

A full analytical analysis of such multicentered configurations with smaller D6-charges 
becomes rather cumbersome. Instead we performed a numerical analysis of the four cen- 
tered D6 — D6 — D6 — D6, r = 2 case, searching through ensembles of fiow trees by a 
simple adaptive random walk optimization method, trying to maximize The results we 
obtained are fully consistent with the extreme polar state conjecture. We refer to appendix 
PI for more details. 

In what follows we will assume the extreme polar state conjecture is true. 

6.3 The dilute gas D6-anti-D6 partition function 
6.3.1 Definition and factorization 

Let us define the following generating function 

^D6-D6(^' ^' ^) •= E ^(rOms f^(r2)ms W^^^'^'^ , (6.64) 
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where ri,r2 are parametrized as in (|07|)-(|6^) with P (but not S) fixed and with 
{(3i,ni) € C{P,e) as defined in ( 6.51[ ). Here qo and Q are the total DO- resp. D2-brane 
charges (recall eqs. ( 4.22| )): 



Q = P2-P1 + PS, S :-- 



S1 + S2 



P 



-Pi + ni + SP2 



P 



-[52 - n2, 



(6.65) 
(6.66) 



and the subscript "ms" as before means that the indices have to be evaluated at the split 
point of the attractor flow T ^ Fi + as given by ( |6.42| ). 
Two remarks on this definition are in order: 



1. Note that 
d 



= Y.{-l)^^^^^^^-\TuT2)mTiUMT2Usu'i'v'^. 

(6.67) 

so, comparing to (^.4|), we see that the coefficients of this derivative count the indices 
of our D6-anti-D6 BPS bound states for given total charge {Q,qo)- 

The sum over Pi , Ui is (most likely) a finite sum, but the sum over S is definitely an 
infinite sum. The sum on S is always divergent because the quadratic form defined 
by PS^ (which appears through go ) has signature (l,/i — 1). However ( 6.64| ) does 
make good sense as a formal power series, in the sense that only a finite number of 
terms contributes to the coefficient of any monomial vPv^w^. This is true simply 
because the map S — > PS is invertible. 



We now aim to write ( 6.64| ) as a sum over S of f actor ized expressions depending only 
on (/3i,ni) and {P2,n2), respectively. To this end let us evaluate the degeneracy factors 
Q,. We are instructed by (5^) to compute 0,{Ti) evaluated at the split point ( |6.42| ). It is 
convenient at this point to use the gauge invariance under shifting the B-Held to say: 



n{ri;tms) = 0(r(/3i,ni);43) 
0(r2;tms) = 0(r(/32,n2);tL)- 



(6.68) 
(6.69) 



If Ti, r2 G C(P, e) then note that for the gauge invariant quantity J^i = Si — B we have, up 
to ©(elPl) corrections, J^i = ^, 7^2 = Accounting for the imaginary part we have: 



tL = 1^ + DaD^^'APb + iymsP = e^'/^P + 0(e|P|). 



(6.70) 
(6.71) 



Thus the degeneracies are counted by the generating function ( 6.16 ) evaluated at B + iJ = 
{±^ + i^)P + 0{e\P\), so up to e corrections the degeneracies are indeed independent of 
each other! 
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Using ( 6. 391) , (|6.65| ) and ( |6.66|) , we can write 



X yjIp-Pl3i-PI32+ni-n2 



^ ) 



X t!^^ + ^PS^-Sf3i-^l3i+ni+Sf32~^l32-n2 ^l32-l3i+PS 



(6.72) 



U 24, W 



Ip 



X 0(r(/3i,ni);43) {wuT^ {w~^ u~^~^ y-^^ 



X f](r(/32,n2));tL) {wu)-"^^ {w-^'u^-'^v) 



\/32 



(6.73) 



where the sums are over S G I + i?2(X, Z), (A, nj) G C(P, e), and tH refers to the shifted 



marginal stabihty points ( 6.70D ,( |6?fl| ). 

Note that the sum is almost factorized. For the next step we would like to rewrite 
(6.73) as a sum of products of DT partition functions. We will eventually achieve this, 
under suitable conditions, in equation ( |6.94| ) below, but first, in view of the identifications 



(|6. 2 1]) - ( 16^241) , we need to compare 



0(r(/3i,ni);4 



with 



lim^J7(r(/3i,ni);zP). 



(6.74) 



(6.75) 



where limj,^£± indicates that z goes to infinity in the left-half plane as explained just above 
eq. ( |6.21 ). Similarly we need to compare 



0(r(/32,n2; 



1 ''ms^ 



with 



lim VL{T{l32,n2);zP). 



(6.76) 



(6.77) 



The relation between ( |6.74| ) and (|6.75| ) and between ( 6.76 ) and ( |6.77 ) is not at all 
trivial, and in fact they will differ in general, due to jumps at marginal stability. In the 
next section we compare these two degeneracies. 

Note that, roughly, the M-theory equivalent to this is that there can be BPS states 
which exist in Taub-NUT when the Taub-NUT radius is taken to infinity, but not necessar- 
ily at arbitrary finite radii, and similarly they do not necessarily exist when the Taub-NUT 
is combined with an anti- Taub-NUT to produce the finite size AdS^, x 5^ setup of 18 1. 
In particular this implies that it is not true that BPS states in these finite size cases are 
exactly counted by the GV / DT partition function (which counts BPS states in infinite 
radius Taub-NUT). Figuring out to what extent the spectrum is truncated is a difficult 



problem, and the absence of a systematic way to do this is what prevented [17, 18 1 from 
arriving at any error estimates in their derivation of the OSV conjecture. 

Happily, the tools we have developed in this paper are exactly designed to do this, so 
let us now turn to this analysis. 
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6.3.2 Harmless Halos and Catastrophic Cores 

We now focus on the difference 



An{f3i,ni; p2,n2) = n{T{(3i,ni);tl,{(3i,ni- P2,n2)) - lim^ 0(r(/3i, m); zP). (6.78) 

Nonzero contributions to Afl wih lead to corrections in the OSV-like relation we wish to 
derive. The reason AQ can be nonzero is that there can be BPS states of charge r(/3i,ni) 
which are stable at but unstable at infinity and vice versa. States which make a nonzero 
contribution to ( 6.78| ) will be called swing states. 



To be more precise, we will call a D6-D2-D0 BPS state of charge r(/3i, ni) a swing state 
if ni) G C{P, e) and there exists {P2,n2) G C{P, e) such that either the state is contained 
in H{T{/3i,ni); t) with t = zP, z but decays along the way to t = t^g(/3i, ni; P2,n2), 

or vice versa, i.e. it exists at t = tj^s but not at t ^ C^P. Recall that = e^'^^/^P up to 
order e corrections, so the definition basically says that a D6-D2-D0 state is a swing state 
when it exists at infinity but not in an order e neig hborhood of t = e^^'^/Sp, or vice versa. 

A very useful simplification in the analysis of swing states arises when we recall that 
we are evaluating the stability condition at a special point, ij^g. Since Z(Ti;tms) > the 
stability condition for 

r(/3i,ni) ^f + f' (6.79) 

simplifies to: 

(f,r(/3i,ni))ImZ(f;4g) >0 (6.80) 




Figure 18: Left: Flow tree corresponding to bound state of a fluxed D6 with three halos, and its 
conjugate. The charges for the Fi half of the tree are Fi^c = e^/^, Ti^h,i = e^^^{q2,iP'^ + qo,iP^ 
with q2 = (-10-3, -10-3, -10-3) and qo = {-10^^, -IQ-^ , -10-^). The larger the DO-charge (at 
fixed D2), the sooner the D2D0 particles spht off in the tree (so the first to spfit off is Fiji.3). 
The charges for the F2 half are obtained by taking the conjugates F — + — F*. The dotted lines are 
the MS lines corresponding to the various splits. Right: Sketch of a corresponding niulticentered 
configuration. 

We will now show that halos do not cause configurations to become swing states. Halo 
states have lines of MS going to infinity and hence one might imagine these wall crossings 
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would make a significant contribution to the difference Afi. But tliat turns out not to be the 
case: The marginal stability curves for r(/3i, ni) — > r(/3c, ric) + Th with F/j = {—Ph + nhto) 
bend over quickly from a line of slope — \/3 to a vertical line when Ph'P n-h, comfortably 
keeping on their stable side, while when (3^ ■ P ^ rih, they come close to t^^^ but still 
bend over just in time. This behavior can be observed in fig. There is an entirely 
analogous story for r2 — one just reflects the picture in the y axis using the symmetry 



(3.29). This special behavior translates into a particularly simple stability condition and 
( 6.80 ) becomes: 

TnhPh-P>0 (6.81) 

where the minus sign is for Ti and the plus sign for Hence for r2 all halos with rih 
positive are stable and similarly for Ti all halos with Uh negative are stable. 

When the D2-charge of the halo particle vanishes, the situation is more subtle, since 
in this case the split point lies exactly on the wall of marginal stability for the DO-halo, 
making the indices ambiguous. To lift the ambiguity, it suffices to take B (defined in ( |6.4[1| )) 
slightly different from zero. Then we are essentially in the situation described in section 



3.6 : stability requires Uh < 0, and depending on the chosen sign of B, either Fi or T2 can 
support DO-halos, but not both at the same time. An important consequence of this is 
that for counting D6-anti-D6 bound states, we should only include one MacMahon factor 
( |6.1| ) in the dilute gas partition function, and not two as one might have thought naively. 
We will return to this point below ( 6.91| ). 



Now let us consider the possibility that there are walls for splitting off other kinds of 
constituents as we move too from to infinity in the left-half plane. The first observation 
to make is that if we consider any P-independent finite set of pairs {(/3i, ni), {^2,^2)} then 
for suffciently large P we have AQ = 0. We can justify this as follows. According to the 
split attractor flow conjecture, for any t, r(/?i,ni) only supports a finite set of split flows. 
These will begin with some splitting r(/?i,ni) = T'^ + F". Now, we know that lies to 
the left of all marginal stability lines where one of F'^ or F" are halo charges. Thus, we 
need only worry about the case where F'^,F" both have magnetic charge. However, in this 
case the marginal stability lines, which are subvarieties of lm{Z{T\;t)Z{T'^;t)) = lie in 
bounded regions of moduli space. As long as we consider a set of charges that makes no 
reference to P, by making P sufficiently large (which grows with P) will always be 
outside the union of the compact regions where splits are allowed. Now, by the argument 
surrounding ( |6.81 ) we can freely take x to — 00 since is to the left of all the walls for 



halo states. A similar argument applies to 0(F2), where we must take x to +00. 

Regrettably, the above argument is not sufficient for our purposes because the charges 
in C{P;e) can in fact grow with P. As a matter of fact, we will now exhibit a class of 
examples which does give a nonzero contribution to AO,. That is, we will show that swing 
states do indeed exist. 

To be concrete, we consider candidate bound states of 

= e^'/^TiPi^n,) (6.82) 
r2 = -[e^/2F(/3i,ni)]* = -e-^/2F(/3i, -m) (6.83) 
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1.2 



1.2 




Figure 19: Left: Bound state of two D6-D4 core states as described in the text, with u = 10~^, 
V = 0.4, go = —10"'', ~ 10~^, pi- ~ 5 X 10~^. Right: Failure to form a similar bound state 
with V = 0.6 instead and all other parameters the same. The bound state cannot form because the 
initial F — > Fi + r2 split point lies in the unstable region of the constituent core states themselves: 
the green wide-dashed line is the F ^ Fi + F2 MS line and lies below the short-dotted lines which 
are the MS lines for the states representing the F^. 



where r(/?i,ni) is realized as one of the core states analyzed in section 6.1.3 , equation 



(I6.26D . Note that = n2 = -ni. 



Recall that the split states for r(/3i,ni) studied in section 5.1.3 are stable at infinity 



and unstable within the curve C+ defined in (|6.34| ). Therefore, such states will contribute 
to AO if our stability condition is violated at t^^. Using ( |6.8C1| ) this works out to be the 
simple condition 

u + v>l/2. (6.84) 

Thus, swing states do exist. An example where this condition is not satisfied (so the bound 
state does exist) is shown in fig. |l^(a), and one where it is satisfied in fig. |l^(6) (so the 
bound state does not exist). 

We are now in a position to understand why swing states are potentially problematic. 
In our example we can compute 

go = ' ^ - P{UV + ic/2) + [UV^ + 2C/V + + qo] (6.85) 

and hence 

1 2 

ri = 2A[uv + -u^ - {uv^ + 2u^v + -u^) - %] (6.86) 

2 3 



Note that we can satisfy ( 6.84| ) by taking n — > while letting v > 1/2 — n be order one. But 



then ?7 — > and such states are arbitrarily extreme polar. Looking ahead to the impact 
on our derivation of the OSV conjecture below, we see that such states will lead to large 
corrections to the OSV formula arbitrarily close to the leading contribution, invalidating 
the conjecture. How can we avoid this "coretastrophe" ? 

Fortunately we can combine a choice of a suitably small e with charge quantization 
to eliminate the contribution of this particular example of swing states to the dilute gas 
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partition function. Suppose P = pPo where -Pq is primitive and p will go to infinity. 
Charge quantization implies u = m/p with m positive and integral. Now, the condition 
that (/3i,ni) G C{P,e), together with (|6.84| ) and charge quantization implies that 

e>uv + -u^ >-u(l-u)> —(I--) (6.87) 
2 2 2p p 

Since we will be taking p ^ oo, if we take e = 5/p with 5 a independent constant smaller 
than 1/2 then (6.87) will eventually be violated, and hence these particular swing states 



are eliminated from the ensemble defined by C{P, e). 

The above argument shows that our example of potentially catastrophic swing states 
can be eliminated by making a suitable (P-dependent) choice of e. Sadly, we have no proof 
that there are not other swing states which will create problems, so we proceed as follows. 

Suppose e = where 5 is a P-independent constant. We know that if we choose 
^ = 3 then the states in C(P, e) consist of a finite set of P-independent charges (/3i,ni). 
Our argument above shows that for such states indeed AO, = 0. Unfortunately, this is not 
enough to prove the OSV conjecture. The reason is that, as we show in equation ( |6.121| ) 
below, the error from the (necessary) restriction to extreme polar states is of order 

where // is the constant e = nr]^: introduced in the extreme polar state conjecture. On the 
other hand, the worldsheet instanton effects which make the OSV conjecture nontrivial are 
of order exp[— 27r/3 • P/cj)^]. Therefore, if > 2 the states contributing to AQ make contri- 
butions larger than those of worldsheet instantons, eventually dominating all worldsheet 
instantons in the |P| ^ cxd limit. If ^ = 2, they are of the same order, which still would 
not be desirable, unless perhaps 5 can be chosen to be arbitrarily large. 

This discussion motivates the following definition of the core- dump exponent, denoted 

Ccd- 

Consider the set S of pairs {r(/3i, ni), r(/32, n2)} which admit flow trees making a 
nonzero contribution to (Thus, the flow tree is based on core states stable at infinity, 
but unstable at tms, or vice versa.) Let ^^d be the minimum of the set H of numbers with 
the following property: For G H, there exists a constant 6 which is independent of |P| 
such that, if we choose e = then C{P, e) x C{P; e) does not contain any of the states 

in S. 

From the argument given above, we know ^^d ^ 3. From the example (|6.26| ) discussed 
above we also know that S^cd ^ 1- Then, as we have just explained, if 1 < (^^d < 2 we will 
see below that a version of the (strong coupling) OSV conjecture can be proven. On the 
other hand, if it turns out that 2 < (^cd then the OSV conjecture (even at strong coupling) 
is almost certainly not correct. We can only say "almost certainly" because we have not 
excluded the possibility (however unlikely) that when we account for all swing states of a 
fixed charge their contributions to AO, magically sum to zero. 



"catastrophic, that is, for the OSV conjecture 
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An independent argument sheds more light on why we must take S^cd ^ 1- We consider, 
a family of {Pp,np) (we will henceforth drop the subscript) such that for each P we have 
P ■ j3 = ci|Pp,n = C2I-PP, where ci,C2 are constants. It turns out that such families exist 
for which Nj^xif^, —n-) 7^ [34|. On the other hand, we can attempt to build a boundstate 
using Ti = e^/^r(/3, n) and r2 = —T^. One finds that such a boundstate would have 



V 



24 



2n) 



(6.89) 



and hence, the absence of superpolar states implies r/ > 0. On the other hand, the explicit 



examples of such families in |34] have constants ci, C2 such that 77 < 0. We are thus forced 
to conclude that states with such charges r(/?, n) are unstable at tj^g, and hence such states 
provide examples of swing states. Note that, in this case, once again we can take e = S/\P\ 
for sufficiently small 6 to eliminate such states from the ensemble C{P, e) thus proving once 
more that ^cd ^ 1- 

In fact, a generalization of the argument of the previous paragraph offers a hint that 
in fact S,cd = 1- Suppose we have a family of {Pp,np) (we henceforth drop the subscripts) 
such that P ■ P = ci\P\'^ and n = C2\P\'''' and Np)t{P, —n) 7^ 0. Reasoning as above, if 
7' > 7, or 7' = 7 and 2c2 > ci then r(/3, n) is a swing state. On the other hand, we can 
(following IQ) use Castelnuovo's inequality (see ]104| , p. 252), which states that a curve 
of degree d in CP" has its genus bounded above hy g < 2(n-i) for d — > 00. Next recall 
from the last equation in ( 4.23| ) that n < g{[j) — 1. Thus, we should have 7' < 2(7 — 1). 
Combining with 7' > 7 we see that 7 > 2 for any such families. But then such swing states 
can always be eliminated with ^ = 1. 

1. 



In section 7.5 we will give some more circumstantial evidence for ^^d 



6.3.3 Factorization of the dilute gas D6-anti-D6 partition function 

Let us now return to the analysis of (6.64). We assume that we define this partition 
function with e = with a suitable 6 and ^ so that we can identify ( |6.74 ), ( 5.76| ) with 

( 6.75D , (|6.77]) , respectively. In this case, we can proceed with the derivation of ( 5.94 ) below 
as follows: 

We introduce the e-dependent cut off version of ( |6.16 ): 



^M-D2-D0(^, V,B + iJ) := ^))\B+^J ■ 

(/3,n)eC(P,e) 



(6.90) 



and using ( 6.73| ) we write: 



PS\PS 



S 



X lim Z' 



D6-D2-D0 



WU,W U 



^ v-^;zP) 



(6.91) 
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Please notice carefully the nature of the limits. Recall that, as we mentioned above, 
there is a subtlety when the halo particle has zero -DO charge, because in this case tms 
is exactly on the wall of marginal stability for pure DO-halos. As discussed there, this 
ambiguity can be resolved by perturbing the background -B-field slightly, in which case 
there is a DO-halo contribution either on the first cluster or on the second. Therefore, 
as noted in eqs. (S.21- |04 ), the case in which we first take t — > C~ does have the DO- 



halo MacMahon factor, while the case t — > T^"*" does not. Depending on the sign of the 
perturbation of the background -B-field we have the limits {C~ ,TZ~^) as above or 
Our final answer will not depend on this dichotomy. 
Now the identifications ( |6. 21 - 6. 24 ) imply 



lim ^D6-D2-Do(^>^;^^) = ^Z)r(^ ,f) (6.92) 
lim Zl)e_j;)2_Do{u,v;zP) = Z'^t{u,v), (6.93) 

2-^ 7?.+ 

where the e-dependent Zdt is defined as the DT partition function with sum restricted 
to {P,n) £ C{P,€). Similarly, for Z'^j., we take the infinite product Z'j~,rp and truncate its 
series expansion. In terms of these quantities we can therefore write: 



P^+C2P J 1 



^PS\PS 



X Zl)rp{w ^ U ^ V ^) 

X Z'^j^{w^^u^^ ,w~^ u^^i v). 



(6.94) 



Equation ( 6.94| ) is the main result of this section. As noted above, the sum over S is 
a formal sum, but the coefficients of vP'v^w^ are well-defined. 

6.4 D4-D2-D0 degeneracies 

In this section we finally return to D4-D2-D0 degeneracies and use the technology developed 



above to present a derivation of our refined OSV formula eq. ( 6.113 ). We first relate 
the polar part of the D4-D2-D0 partition function to the D6-antiD6 dilute gas partition 
function. This introduces an error, but one well-controlled by the extreme polar state 
conjecture (provided it turns out that E,cd ^ 2). We then combine this with the fareytail 
expansion. At the end of the section we discuss the error terms in the refined OSV formula. 

6.4.1 Approximate factorization of polar D4 partition function 

Now we return to the considerations of section |2|. The extreme polar state part of the D4 
partition function ( |2.39D is, using the notations of section |2.4] 

Z^*{T,f,C) := ^F!?*(T)vI/^(T,f,C) (6.95) 

7 

v<v* 
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where ry^, <C 1 and r2([7,go]) is as defined above ( ^.46 ). When Imr is sufficiently large, 



the extreme polar part of the partition function is a good approximation to the full polar 
part Z~ (which is obtained by taking = \Y 

H-{t) = H:>*{t) X (l + ©(e-^^^'"*'^)^')) (6.97) 

where 

A(P,r/*,r) := min f-S(P, ??) + ^Imr r?) (6.98) 

l>»?>»7, \ 12 / 

S(P,77) := igmaxlog n{[j,§-rj^]) . (6.99) 



Note that as long as A(P, r/*,r) is positive and doesn't decay as \P\^^ or faster, the error 
is exponentially small when is large; in particular this is the case for Imr sufficiently 
large. 

To get an idea of the general behavior of the error term, and to justify our notations 
separating out the factor, let us assume for the moment that we can estimate the growth 
of the right hand side of ( |6.99D from the growth of the entropy of two-centered configurations 



of the kind analyzed in section |3.4| , and more specifically for further simplicity let us restrict 
to configurations with n = in the notation used there. Then /3 = rj/24 and the total 
Bekenstein-Hawking entropy of the two centers is 5 ~ 

^3/2 p3 ^ ^3/2 p3_ jjence this 
estimates S(i-*, r/) ~ cr/^/^ for some constant c independent of P. In this case we have 
A(P, r/^<,r) > if and only if Imr > 12c/ n. If Imr drops below this critical value, our 
error estimate blows up. Moreover, 77,, should not become too small if we want the error to 

3 /2 

be exponentially small, since A is in any case smaller than Y^r/^tlmr — cr/=K . 

Now the index in ( |6.99| ) actually receives contributions from many other flow trees, 
some very complicated, so this simple estimate might be too naive. However, it will at 
least give a rough lower bound on the actual growth of S, unless miraculous almost-exact 
cancelations occur between contributions of different signs to the index. This implies in 
particular that our approximations break down for Imr less than some order 1 critical value, 
unless these miraculous cancelations occur. We will discuss this potential breakdown in 
detail in section ^, and show that it is not due to a failure of our derivation, but intimately 



related to the entropy enigma of section 3.5 



Combining ( |6^ and (|]9|), we can write 



Z-(r,f,C) = Z''*(r,r,C) x (^1 + ©(e'^^^''?*'^)^')) . (6.100) 

If we make the OSV substitution ( p.l7| ) and formally put f = r, then both sides of this 
equation diverge due to the non-definiteness of the intersection product on Lx, so the 
error estimate, strictly speaking, is not meaningful. However we can still give it a precise 



Further on we will apply the approximate factorization we are currently deriving in the fareytail ex- 



pansion (2.71), and will find that the dominant term for our purposes comes from the term corresponding 
to A = S, where r gets replaced by — l/r. Thus, in these applications, we will need a sufficiently large 
Im( — 1/r) to get approximate factorization. 
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meaning by considering the terms for a fixed D2-charge (i.e. a fixed power of e^^'^*'^), or 
equivalently by multiplying both sides by some e^'"^^''^ and integrating out C . (After a 
modular transformation the integral on C involves one wrong sign Gaussian integral which 
is easily evaluated in the usual analytically continued sense). Alternatively, we can just 
cut off the sum over Lx in the theta-functions. Since the error estimate provides a relative 
error, it has a well defined meaning for any such finite truncation. In the end we can take 
the cutoff to infinity, which when computing any physically meaningful quantity should 
give a finite result, with a well-defined error estimate. Keeping this interpretation of the 
error term in mind, we will from now on put r = r. 

The extreme polar state conjecture implies that there exists an e{r]^,) ~ r/* such that 
all extreme polar states (with r] < rj^,) are generated by D6-anti-D6 dilute gas pairs with 
{f3i,ni) G C{P,e). We now invoke the formula ( ^.^ ) for the polar degeneracies and recall 
eq. ( |6.67| ). Combining this with ( 6.100| ) at f = r then gives 



7-(r C) - — — Z' —rp-^TTir 27ri(C+f ) p27r(a-l) 



where Z^ =^ was defined in (6.64). Note that although some D6-anti-D6 pairs with 

D6— Ub ^1 1' 



(/3i,ni) G C{P,e) will have rj > r]^, they will nevertheless still all be polar states (assuming 
e sufficiently small), and therefore not affect the error any further. 
Now from (|^, we get 

-pre (p-27TiT -27ri(C+f) 27r{a-i)^ 



S 

X Z|)j.( — e^'^*'^'^"'"*"^ g27ri[jaP+T(S'+f )+C]-j 

X 2/5^(_e2.^(r+ia)^g2«[iaP+r(-5+f (g_102) 

Let us make two remarks: 

1. To get the factorized generating function (|6.94| ), we needed to restrict to (/3i,nj) S 
C{P,e), as defined in ( |6.51| ), and take e = 6\P\~^'"^ to dump swing states. According 
to the extreme polar state conjecture, we should therefore take r/* = The 
cutoff restricts the sum to states splitting into a rank r = 1 D6 and anti-D6; in the 
picture of |17, 18|, this corresponds to leaving out Z^-quotients of AdSs x S"^ with 



> 1. Furthermore, dumping swing states such as our example in section 6.3.2 



corresponds in M-theory to dumping certain black M5 rings which exist in infinite 



radius Taub-NUT but not on the finite size 5^. See section 7^ below for a more 
extensive discussion. 

2. Again, due to the divergence of the sum over S, the error estimate in ( |6.101| ) is strictly 
speaking meaningless, but as in the discussion under ( |6.100 ) we can give it a precise 



meaning e.g. by introducing a cutoff in the sum over S. Finally, putting ( |6.101| ) and 
( |6.102| ) together thus gives an approximate factorization formula for Z~ (r, C) . 
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6.4.2 Derivation of OSV 

We are finally ready to put all our results together and derive a refined version of the OSV 
conjecture. From ( |2.18| ), we have 

17((0, P, Q, go); t = ioo) = i-i)''^^ j d4Pd<^ e-'^^'i'-^'' Z{t = f = ictP , C = i$ - ^) (6.103) 

where the (/I'^-integrals run over a single imaginary period on the imaginary axis. We wish 
to derive an OSV-like formula in the case T = (0, P, Q, qo) is nonpolar and large, and hence 
has a single centered black hole realization. The first step is to substitute the fareytail 
expansion ( 2.71| ) of Z into ( |6.103 ). Since we are considering nonpolar terms, the c = 
part of the series will not contribute to ( 6.103| ). To leading order in the saddle point 
approximation, the c ^ terms contribute terms of order e'^="sra/c^ ^ seen directly 

from the expressions (or see e.g. appendix A of Jl^]). Hence in the large charge limit, 
the c > 1 terms will be suppressed by a factor ~ g-^-Ssugra compared to the c = 1 terms, 
with k some order 1 constant. Alternatively, we can say that these terms are effectively 
suppressed by a factor the partition function Z{P, (f>), with k some constant 

of order one, and where we take (j)^ to be positive (as it is at the saddle point). 
The c = 1 terms correspond to SL{2,Z) elements 

A = (^^~}^ =ST'^ (6.104) 

so we can write, with r = f = icl/', C 

Z+{r,C) = ^^^i^-<^(r + d)e^^^^Z-(--^,-^) (6.105) 

'l + 0(e-'=^'/("+'^))) . (6.106) 




Here Z^ is the non-polar part of Z, and the error term comes from dropping the c > 1 
terms as discussed above. Note that although the error is no longer exponentially small 
when d — > oo, the large d terms themselves are exponentially suppressed compared to the 
small d terms, and therefore unimportant. Put differently, the sum over d can be traded 
for extending the integration contour in ( 6.103| ) over the entire imaginary (j)^-a,x.is, but the 
large d terms will correspond to points far away from the saddle point, and are therefore 
unimportant. 

From ( |6.105| ), ( |6.101| ) and ( |6.102| ), we find, after some work and substituting r = r = 

p. 

2 



^^h(/>'^) 



2tt da 



a=0 



d,S 

ere ^ -2^^(71^- 2ni{--J-—{<S>+iS+i§)+iaP). 

xZg^(_e-2"(^+"\e'"'^^^~*"'^+'*^+*"''^- 

1 + ©(e"^^^'"*'^^ ) (6.107) 
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Here S := S + ^ £ H^{X,Z), and various complicated phase factors have canceled in a 
nontrivial way. 

Finally, using the identification Z'j^j.{—e~^ , e^'^**) = Z'Qy^{g, t) discussed in section L3 
this becomes, remarkably 



1. A 

27r da 



a=0 



d,S 



where 



J^'iP, a) := F4p(g, t) + F,%^{g, t), (6.109) 

1 

2< 



F,l^ := log Z^„p = log Zpoi + \ (log + log ^;^t) (6-110) 



with substitutions 



and error 



5=5 + 27ra, t = ^{<^> + i^) + iaP (6.111) 



= 0(e (6.112) 

Recall that the cutoff e is related to r/* through the extreme polar state conjecture of section 
6.2.2| as e = firj^, and that we took e = 6\P\~^'"i to get rid of swing states. In taking the 



complex conjugate in (6.109), (j)^, <I> and a should formally be taken real. We also dropped 
terms of quadratic and higher order in a, since we set a = after taking the derivative. 
Surprisingly perhaps, the Inlpa in the exponent of ( |6.107] ) is reproduced to this order by 



the a-dependence of Fp^i after substituting ( |6.111 ). The inclusion of (p^ in the measure and 



the da operation were absent in the original OSV conjecture ||T0|. They can be traced back 
respectively to the fact that Z{t,C) has modular weight (—3/2, 1/2) (for a proper SU{3) 
holonomy Calabi-Yau), and to the fact that there is a factor ~ |(ri,r2)| in (|5.4| ). Both 
modifications are in agreement with the results of section O (see eq. ( |2.54 )) obtained in 



the small (p^ limit by arguments independent of our D6-anti-D6 picture. 

Note furthermore that the sum over S and d together with the phase factors in ( |6.10^ ) 
give the right hand side precisely the same periodicity as the left hand side. These terms 



also allow us to invert ( 6.108 ) to the simple expression 

n{0, P, Q, qo; t = ioo)= J d(j) fi{P, 4>) e-2^'?A<A^ ^T%P,4>)+5T _ (g^^^lS) 
where the "measure factor" ^(P, (j)) is 

^i{P, <t>) = / ^T'{P, 0, a) U=o = (-^) V°/p + inst. corr. (6.114) 

27r oa 

Note that these instanton corrections are of order exp[— 27r|P|/(^'^] which is the same order 
as the other terms we are trying to keep track of and hence are rather essential to a correct 
formulation of the OSV conjecture. 
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Rather curiously, the measure factor can also be written as 



(6.115) 



where K'' is a generalized Kahler potential, defined by 



with 



2m 



Re 



x^ = {^ + -py 



(6.116) 



(6.117) 



and we have used the property that (p^, $ and P are real. Recall that /^'^^ was defined 
to be ij^^ = cJAa where do = 1, cr^ = 



A 

^Ai - '^Aa "Aa 
found in pi for X = and X = T'^ x KS.^^ 



'Ai 

1. This measure factor is the same as the one 



6.4.3 Analysis of the error terms 

Let us now consider the error term. When the saddle point lies at sufficiently small cp^, 
A is guaranteed to be positive, hence the first error term is exponentially small at large 
P. As we mentioned before, the meaning of "sufficiently small" depends on the growth 
of the polar entropies S{rj) ~ Ti[P,r])P^ as a function of P. We define an exponent k by 
S(P, r/)P^ ~ or, more precisely 



— logS(P,r?) 
3 + lim|p|^^ log|P| • 



Then we need 



g 



< 0{\P\^-'') 



(6.118) 



(6.119) 



for all 7/, < ?? < 1, in order to have an exponentially suppressed error. A simple estimate 
based on the BH entropy of two-centered configurations realizations of polar states, outlined 
under ( 6.99| ), indicates k = 3, hence we would need g > 0{1), i.e. strong topological string 
coupling. However, since we are considering indices it might be possible in principle that 
miraculous cancelations occur which effectively lower k. We postpone further discussion of 



this possibility to section 7.4.2. 

Let us now consider the error we have when we are well within the regime ( |6.119| ). 
More precisely let (p^j. be the value at which A = 0. For 



b^^, the second term 



dominates in (6.98), so 



vr 1 
12#' 



(6.120) 



and the error term becomes 



~ 0{e 



52 



There are slight differences coming from the different power oi(lP in (|6.114|), namely 



(6.121) 

, one gets 

in those cases, and the possibility to include gravitini charges. These factors arise in our approach for these 
cases as well. 

^^We take the limit supremum lim which always exists. We expect k to be at most weakly dependent on 

n- 
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For 77* a constant independent of P, this agrees with the error found in |l3| for x K3 and 



T^. However, as discussed in section 6.3.2 , in general we must take e, and hence r/^< = e//x. 



to depend on \P\. Taking e = 6\P\ ^"'^ these lead to corrections of order 

We saw that the split configurations ( |6.26D imply that we must have ^cd ^ 1- On the 
other hand, worldsheet instantons contribute terms of order exp [-27r/?- P//]. Therefore 
if the corrections ( |6.122| ) are not to overwhelm the worldsheet instanton corrections then 
we must have S^cd ^ 2. Unfortunately the value of ^cd is unknown. We hasten to point out 



that the value = 1 rnakes excellent physical sense for reasons discussed in section 7.5 
below. 

7. Discussion 
7.1 Summary 

Let us summarize our final result, and discuss to what extent it agrees with the original 
OSV conjecture. 

We consider the index of BPS states, defined in (1^), with charge = 0, large 
|P| := [DabcP^P'^P^Y''^ and go := Qo - \D^^QaQb < 0. For these charges a single 
centered black hole solutions exists. We choose the background t = ioo. Then the index is 
given by 

.(P,C3.,„,^,»)^/*MP,*)— (7.1) 

Where, using the substitutions 

= + (7.2) 



we have 



(/.) := i-if^ e-^^(f = (-0 V°(^ + ) + ^st. corr. (7.3) 



.F^(P,0) :=Ft'op + i^t'op, (7.4) 

F4p(5,i) := log Z^,^{g,t) (7.5) 

:= logZpoi(<7,t) + ^(logZ£T(-e-^e2-*) + log^;iT(-e~^e'"**)) (7-6) 

2poi(5,t) := e^l^-^^DABctW - ^c^At"^) (7.7) 

ZhT{u,v) := Yl NDT{f3,n)u''v^. (7.8) 



|n|,/3-P<eP3 



and Z'^^ is defined analogously by cutting off the series for Z'-^r^. The full expression for 
e~^^ is given in ( |6.116 ). In taking the complex conjugate in ( [7. 41) , cf) should be treated as 



real. 
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The error is of order 



where 



A(P,ry*,-o) := min -S(P,7?) + 



vr 



1 

:= -53 max log 



l^fp,[Q],go = (l-r?)^^ 



(7.9) 

(7.10) 
(7.11) 



Here (P, [Qli^Zo) is the index of BPS states of D4-charge P, D2-charge \Q\ with \Q\ in 



a fundamental domain for the symmetry Qa — > Qa + DabcP , n G and reduced 
DO-charge (invariant under this symmetry) %, evaluated in a background t = ioo. The 
range < < 1 corresponds to polar charges, with rj = being the most polar one. 

The integral in ( [7.lD runs over the imaginary 0-axes. One might worry that the error 
( 6.112| ) becomes 0(1) for large (p^, but since the integral is dominated by its saddle point, 
this part of the integration contour is negligible anyway. The saddle points for turn out 
to be real. 

For the cutoffs e and rj, we have the relations 



6\P\ 



(7.12) 



The first equality follows from the extreme polar state conjecture of section [6.2.2 , and the 
second one is required to get rid of swing states, as discussed in section [6.3.2 . Here 5 and 
are P-independent constants. The core dump exponent is a kind of critical exponent, 
which we bounded by 1 < ^cd < 3. 

In order to clarify the domain of validity of ( |7.1[ ) we introduced a second critical 
exponent, defined by the growth of the polar state indices growth with P at fixed t]: 



iog\n\ 



(7.13) 



or, more precisely, as in ( 6.118 ). In terms of n the error term is controlled only if 

g > 0{\P\^-^) (7.14) 

If we estimate the polar index growth by the growth of the two-centered black hole real- 
izations, we get 

K = 3 (7.15) 
implying OSV is only valid at strong topological string coupling. We discuss the possibility 



that K gets miraculously lowered by cancelations in the index in section 7.4. Neglecting 



instanton corrections, the saddle point value of (j)^ is given by (p^ 
bound ( 7.14| ) translates to a bound on the charges: 



p3 



Hence the 



15)1 > 0{\P 



2k-3\ 



(7.16) 
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Note that when k = 3, this bound always gets violated when scaling up the total charge 
r = (0, P, Q, qo) uniformly by a sufficiently large A, and that to avoid this, we need k < 2. 
This is not an artifact of our derivation scheme: it is precisely as expected from the 
"entropy enigma" discussed in section |3.5| . The closely related two centered configurations 
considered there had an entropy growing as A^, so if no miraculous cancelations occur 
between contributions to the index bringing down the growth of logr2(Ar) to A^ or lower, 
the OSV conjecture at t = zoo necessarily breaks down at sufficiently large A, since it 
predicts r2(Ar) ~ A^ to leading order at large A. We will discuss this in more detail in 
section [7.4| . 

Finally, when g is well inside the regime (ffl^ , the error simplifies to 



Tr6 p3-Cc<i 

For this to be negligible compared to the instanton contributions to the free energy, which 
are suppressed as e~f^'^/'^° , we need ^cd < 2 or ^^d = 2 and 6^1. Using Imt ~ P/cf)^ and 
g ~ we can also write this as 

6J^ ~ exp[ — ^^llmtp-?-'*], (7.18) 

with c a constant. Note that for = !> this is suggestive of a D4/M5 contribution to 
the Schwinger computation of the topological string free energy p3|. We return to the 



issue of determining the value of ^cd in section |7.5 . 

7.2 Differences with original OSV conjecture 

We note the following differences with the original OSV conjecture: 

1. There is an additional measure factor 0), in agreement with the special cases 
studied in |11, 13|. This does not affect the leading saddle point evaluation of 



the entropy, but does affect the inverse charge corrections to it. The origin of this 
measure factor is essentially the presence of the angular momentum factor |(ri,r2)| 
in the factorization formula ( ^.4[) for degeneracies of polar states. 

Furthermore, if we state the OSV formula using l^topP with the standard definition 
of ^'top then, since our definition of the topological string partition function in ( |6.11C| ) 
was nonstandard (because the deg ree zero terms ^{^^p make use of the MacMahon 
function, which differs from the standard perturbative Ftop by a term proportional 
to ^ logs') would have to include a further factor of g^^'^'^ in the measure. 

2. The topological string partition function is cut off. The cutoff cannot be removed, 
since the full Ztop has zero radius of convergence and hence does not exist as a function 
which can be integrated, not even in a saddle point approximation. We were led to 
put a cutoff on the DT invariants NoTiPtn) contributing to ^topj namely \n\ < €P\ 
P ■ P < eP^. This does not translate into a simple cutoff on the corresponding 
M2 BPS invariants in the infinite product representation. Physically, this happens 
because the existence of D6-anti-D6 bound states depends on the total D2-D0 charge 
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of the constituents, while the M2 BPS invariants refer to "one particle" contributions 
to these D2-D0 charges. As usual with cutoffs, there is some arbitrariness in their 
choice; possibly there are other "regularization schemes" than the one we used. 

We find corrections, exponentially suppressed at large P. These are due to the c > 1 
terms of the fareytail series as well as to the non-extreme polar states we dropped. 
Taking into account terms corresponding to /S'L(2, Z) transforms with c > 1 in the 
fareytail series would add j^topP type terms to the integrand on the right hand 
side of the OSV formula, but with substitutions different from ( [7.21 ). These give 
corrections 6 J- ~ e~^^^ . Taking into account contributions of D6-anti-D6 bound 
states with D6 multiplicities r > 1 (which are necessarily non-extreme polar with 
T] > 3/4) presumably would spoil the simple relation to Ztop. These contributions 
give corrections 6 J- ~ e~^^^. Moreover, taking into account non-extreme polar 
states {rj > ry^,), even at r = 1, would spoil factorization, as suggested e.g. already 



by fig. More importantly, the existence of the swing states of section 6.3.2 
which spoil factorization and the relation to DT invariants, force us to restrict to 
r/ < ~ This gives corrections 6J- ~ e"^''^'^ If ^cd > 2, the error 

actually swamps the instanton contributions we want to keep. We only know with 
certainty that 1 < ^cd < 3, although there is some evidence that (,cd = ^■ 



4. We find a restriction on the range of validity. We need ( [7.16 ) to be satisfied. In 



particular, if k > 2, our formula breaks down when uniformly scaling up all charges by 
a sufficiently large A, whereas the original conjecture was meant to be valid precisely 
in this large A regime. Put differently, since the saddle point g^: ~ 1/A, our result is 
guaranteed to work in the strong topological coupling regime, but fails in the weak 
coupling regime unless there are miraculous cancelations between the contributions 
to the indices of the polar states. The original conjecture on the other hand was 
supposed to work at weak g. 

Clearly, the last two points lead to potentially the most significant discrepancies with 
the original conjecture, so we will examine these points more closely and discuss the various 



possible loopholes in sections 7.4 and 7.5. Before we get to this though, we will give an 



interpretation of our results in the language of the M-theory derivations [17, ^] of the OSV 
conjecture which have appeared, and demonstrate in particular that the discrepancies and 
subtleties we find are not tied to our specific picture. 

7.3 Comparison with M-theory derivations 

The M-theory derivations |17, of the OSV conjecture did not detect the measure factor 
and did not attempt to give bounds on the regime of validity or on the error. The ap- 
pearance of a cutoff and corrections was emphasized in ||l^, but the level of analysis was 
insufficient to provide explicit cutoff prescriptions or estimates of corrections. 

In these derivations the polar states were represented as dilute gasses of spinning M2 
branes and anti-M2 branes orbiting the poles of the 5^ in the spacetime AdS^ x S'^ x X, 
the latter carrying a G-flux proportional to P. Some of the issues which were left open 
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in |T^, ^] were the parameter range for which this dilute gas approximation is accurate, 
what happens if the M2's and anti-M2's start "spilhng over" into each others hemispheres 
and what the effect is of other BPS states such as M5 branes and of taking into account 
other geometries such as quotients of AdS^ x S'^. 

The various elements in our picture have a fairly straightforward translation into this 
M-theory picture, and hence our analysis clarifies all of these issues.^'* The rough idea is as 
follows. A D6-brane lifts in M-theory to a Taub-NUT space, so a bound state consisting of 
a pure D6 and an anti-D6 stabilized by fiux lifts to a Taub-NUT-anti-Taub NUT geometry 
stabilized by fiux. In the M-theory limit, this geometry becomes AdSs x 5^ with fiux 
proportional to the net D4-charge P, with the north and south poles of the sphere identified 
with the centers of Taub-NUT, projecting down to the D6 and resp. anti-D6. Adding D2D0 
charge to the D6 and anti-D6 branes to turn them into black holes corresponds to putting 



spinning M2 BMPV black holes at the north and south poles of the sphere |70|. Our 
D2D0 halos orbiting the D6 and anti-D6 lift to M2 branes orbiting the north and south 
poles. More complicated D6 core states such as the swing states in section 6.3.2| realized 



as 2-centered D6-D4 configurations become M5 black rings in AdS^ x S'^. Higher rank 
r > 1 D6 anti-D6 bound states correspond to Z,. quotients of AdS-^ x S'^ and deformations 
thereof. Fractal fiow trees such as fig. ^ lift to foamy "bubbling" geometries. And so on. 
The upshot is that we have included all possible contributions in our analysis, no matter 
how exotic or complicated. 

Now, the idea of |17| can be summarized like this: Cut the AdS^ x S"^ in two halves and 



identify one half with part of Taub-NUT with flux and the other one with part of anti- Taub- 
NUT with fiux. Now complete these cut off, finite-size, finite flux Taub-NUT spaces to 
complete Taub-NUT spaces of infinite size, with infinite Taub-NUT circle radii and infinite 
total integrated fiux, and count BPS states on each of those. In this infinite-size, infinite 
flux limit, all BPS states are well-described by lowest Landau-levels of spinning M2 probes, 
and the generating function of their indices is the Gopakumar-Vafa partition function (as 
we argued in section [6.1.2 , reflning the analysis of |^]). Hence, in this approximation. 



ignoring higher r geometries, finite size effects and the coupling between the two sectors, 
the AdS^ X elliptic genus is simply given by the product of two GV products, leading 

to Z ~ Ztop-Ztop. 

It is of course not clear to what extent this picture is justified, and through the above 
dictionary, our work can be interpreted as a thorough analysis of this problem. Let us 
translate a few of our results into this M-theory picture: 



We found it necessary in section 6.2.1 to cut off the D2-D0 charges at /3j • P < eP^, 
|nj| < eP^, e ^ 1, in order to guarantee existence at least of the first split of the 
flow tree for any choice of (/3i,ni) within this cut off domain. This corresponds to 
the fact that when these charges grow too large, the M2's and anti-M2's associated 
to the two poles start interacting so strongly that they can no longer be seen as 
independent probes and the BPS state can cease to exist altogether. The extreme 



*This translation was developed in collaboration with Dieter Van den Bleeken [b2| 
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polar state conjecture guarantees we do not need to worry about this for sufficiently 
polar states (as well as that we do not have to worry about quotient geometries). 



Swing states can be seen as BPS states which exist in infinite radius Taub-NUT, 
but not at some smaller radius — more precisely not in the finite size AdS^ x S'^ 
— or vice versa. The example of the swing state of section p.3.2 can be thought 



of as a BPS M5 ring which would fit in a Taub-NUT of sufficiently large radius, 
but not in the finite radius AdS^ x S"^, as the ring radius becomes too large. At 
infinite TN radius, this should not be counted as a separate BPS state since all BPS 
states can be described by light M2 probes which are guaranteed to exist, but at 
finite radius this is no longer so and BPS states might disappear from the spectrum, 
hence altering the BPS free energy function which counts BPS states. Somewhat 
surprisingly perhaps, we found that merely taking the cutofi^ e <C 1 is not enough to 
avoid this phenomenon, but that instead one should take e < 6\P\~^'"^ with ^^d ^ 1- 
If (,cd = 1 (as is the case for our examples and for which we gave some circumstantial 
evidence at the end of section |6.3.2[ ), the correction to the free energy is of order 
6J-' ~ e~^*°pl^l ~ e~^^™*^ indeed suggestive of finite size nonperturbative D4/M5 
corrections to the computation of []32| , This can viewed as a further physical 
indication for = 1) although we will not try to make this precise here. 

Our restriction to sufficiently strong g arose from the fact that at weak g, the fareytail 
series ceases to be dominated by the extreme polar terms due to entropic effects. As 
a result, in this regime, it is no longer justified to disentangle the two sectors, since 
the main contribution will come from complicated BPS configurations delocalized 
over the sphere, which do not factorize. The meaning of "strong" and "weak" g 
depends on the growth of polar indices, to be discussed in the next subsection. This 



is closely related to the entropy enigma of section which in M-theory translates 
to the entropic dominance of geometries containing two BMPV black holes over the 
M5 black string. 

The measure factor we find can be traced back to the fact that even in the most 
dilute gas regime, the M2 and anti-M2 sectors do not fully decouple, since there is a 
multiplicative contribution to the ground state degeneracies depending on (given 
by |(ri,r2)| in our setup) which depends on the charges in a non-factorized way. 
This factor was not taken into account in but was noted in the M-theory 



context in |47|, where it was found necessary for modularity of the M5 elliptic genus 



and detailed matching with geometrical considerations. 

7.4 Range of validity, background dependence and miraculous cancelations 

We now turn to the issue of weak versus strong topological string coupling, which as we 
pointed out depends crucially the growth of polar indices with at fixed rj where rj 



Related to this, as was shown in |98j, in certain hmits of the IIA Enriques CY moduh space, the BPS 
free energy is generated by D4-branes indices rather than D2 brane indices, as the former become the hght 
states there. 
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parametrizes % = (1 — rj) ■ Note that this is equivalent to the growth of these 

indices under the scahng {p^,p,q,qo) — > {p^ , Xp, X'^q, X^qo) since (in the large A limit) this 
leaves rj invariant while scaling up |P| X\P\. Recall furthermore from section |3.3| that 
this rescaling is a symmetry of arbitrary multicentered BPS configurations (provided one 
also scales too Xtoo), with corresponding horizon entropy growing as 5 ^ A^. Thus, this 
suggests logQ ~ at fixed rj, and hence k = 3 in (7.13), implying a breakdown of the 
refined OSV formula ( |7. 1]) at weak topological string coupling or equivalently in the limit 
in which we scale up all charges uniformly. 

Now note on the other hand that when the total charge is (0, P, 0, 0), the same non- 
uniform scaling actually acts uniformly on the total charge, so if multicentered configura- 
tions exist with nonzero horizon areas and such a total charge, their entropies will scale 
as A^. We saw in section 3^ that such multicentered solutions do indeed exist, and that 
moreover a slight extension of the argument just given leads to the conclusion that uniform 
rescaling of any D4-D2-D0 charge (with P > 0) by a sufficiently large A leads eventu- 
ally to multicentered configurations with horizon entropy growth S" ~ A'^. This suggests 
logQ ^ A^ in this regime, in contradiction with the OSV prediction, which scales as A^. 



This confirms the close relation between the "entropy enigma" of section 3.5 and the break- 



down of eq. (7J.), and the fact that the latter is not due to a shortcoming of our derivation 
itself. 

There are two possible loopholes to these conclusions, which could potentially still 
allow some version of the OSV conjecture to be valid in the large A limit. The first one 
is that we have restricted our attention to a background t = ioo, while perhaps the OSV 
conjecture should instead be taken to be valid only at some other distinguished point. 
The second one is that we are considering an index, which gets many contributions with 
different signs, so there might be miraculous cancelations bringing down the growth of the 
index compared to the supergravity entropies of individual contributing configurations. 

7.4.1 Evaluation point 

We do not have much to say about the first possibility. The reason why we considered 
too = ioo only is that our derivation crucially relies on the D4 partition function being a 
generalized Jacob i-form, and this is only plainly the case at t = ioo. For example, trying 
to construct some sort of partition function where the indices making up the coefficients 
are all evaluated at the attractor point of the charge in question would manifestly not give 
a Jacobi form, since more or less by definition such a "partition function" would not have 
a polar part (since polar charges do not have attractor points). The necessity to restrict 
to t = ioo is not only true for our derivation, but for all derivations based on the fareytail 
expansion that have appeared [17, p^ . 

However one could of course contemplate other backgrounds. A natural choice would 
be to take too at the attractor point t^,{p,q) of the charge under consideration (assuming 
this exists), and postulate a formula like 

n{p,q;t,{p,q)) ~ J d(t>\Ztop{p,4>)\'e-'^'l'^'^^ (7.19) 
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Unlike the t = too case, there is certainly no evidence against such a claim. For example, 
the multicentered configurations which lead to the scaling of the entropy do not exist in 
the attractor background — only configurations encoded by single centered attractor flows, 
i.e. single centered black holes as well as multicentered "scaling" solutions asymptotically 
connected to single centered black holes (cf. section |3.8| ). There are very good physical 
reasons to believe that, at least to leading order, this version of the OSV conjecture should 
be correct, since in this background one expects the leading order statistical entropy to be 
given by the Bekenstein-Hawking-Wald entropy, which coincides with the logarithm of the 
saddle point value of the right hand side of (t7.19|) . 

More generally, one could also consider a fixed finite ioo background and take (p, q) — > 
A{p,q), A — > Qo. From the discussion in section |3.5| , one can see that in such a limit, the 
2-centered configurations with A^ entropy will again disappear, since the walls of marginal 
stability move off to infinity when A ^ oo. Note that this raises subtle order of limits 
issues. 

Yet another alternative modifies the OSV conjecture in the form ( |1.9D by replacing the 
definition of Zbr by 

Zbk{p,cI>) ■.= Y,^ip,q;t^ = 5l±^)e2-<^^'?^ (7.20) 
q 

This form of the OSV conjecture, regrettably, would seem to be inconsistent with the 
wall-crossing formulae we have described, so the right-hand side, |-ZtopP would need to be 
modified also in some way. 

Sadly, a direct microscopic counting at guA = at finite too seems out of reach for the 
charges of interest, because the microscopic description is not sufficiently understood. In 
the IIA picture, the problem is that a' corrections to the D-term constraints determining 
the moduli space (in particular determining Il-stability p^ , |6^ ) become manifestly of 
crucial importance, since they are responsible for the elimination of the "extra" states 
corresponding to multicentered black holes with A^ entropy growth existing at large radius. 
These a' corrections are not known systematically. One could try to use mirror symmetry 
to type IIB, where the relevant D-branes are special Lagrangian 3-cycles and stability 
becomes just a classical geometrical property, but the problem on this side is (a) the F- 
terms receive complicated disk instanton corrections and (5) even classically very little is 
known about special Lagrangian 3-cycles in compact manifolds. 

An alternative approach to a derivation, directly at weak gtop-, was suggested in [|l9|, 
based on AdS-CFT and the computation of the free energy in IIA perturbation theory in 
a suitable attractor background. There are several points to be clarified in this derivation, 
and it is not quite a microscopic derivation in the sense of directly counting underlying 
quantum mechanical degrees of freedom of some brane model. Nevertheless, if correct, the 
proposal would give a very nice explanation of why 2^top should govern the corrections to 
the Bekenstein-Hawking entropy. 

It would clearly be desirable to know whether the index of D-brane microstates at 
t = too, might still be governed by the OSV formula even in the weak gtop regime, so let 
us next examine the second possibility. 
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7.4.2 Cancelations between index contributions? 

As discussed above, the only way this can happen is if the multicentered black hole entropy 
for individual configurations corresponding to polar charges grossly overestimates the actual 
index for a given charge. 

Recall that the D4-D2-D0 polar indices are given by the factorization formula (|5.4| ): 

Q{r,t^)= (-i)^^^'^'^~'Kri,r2)| i7(ri;t^s) f^(r2;tm.) (7.21) 

r-^ri+ra 

where ims denotes the location of the MS wall for the split T — > Fi along the T attractor 
flow starting at t = ioo (if this exists). As we saw, Ti and T2 need to have nonzero (and 
of course opposite) D6-charges for the split to exist. 

Each of the ^^{Ti; i^s) could in turn still get contributions from different splittings and 
possibly also from a single flow (corresponding to a single centered black hole realization 
of Fi), leading to further expressions like 

n{r,;t^,) = n{rrMri))+ E (-i)<'^'-'^^^-'Kr'i,r'2)| f](r;;C) ^^(r'aiCs), (7.22) 

ri-.ri+r^ 

where t*(ri) is the attractor point of Fi, and so on. 

Phrased in this framework, the problem we face is that there exist splits F — > Fi + r2 
into two black holes with SsHiXi) scaling as \P\'^ at fixed r]. Identifying logr2(Fj,t=K(Fj)) 
SsHi^i), we would thus get a contribution scaling as e'^'^' to the total index. 

Hence we see there are three different ways the total index could still grow more slowly 
than this: 

1. The identification log r2(Fj, ^^.(Fj)) « SBniXi) is wrong, and in fact LHS <^ RHS. 

2. There are miraculous cancelations already between the contributions in ( [7.22 ). 

3. There are miraculous cancelations between the contributions in ( 7.21| ). 



Possibility (1) is extremely unlikely. In all cases in which one has been able to compute 
reliably the (proper) index of BPS states of a large black hole at or near its attractor point 
(e.g. Q ^, |101| ), its logarithm has been found to coincide with the Bekenstein-Hawking- 
Wald horizon entropy, even beyond leading order. Although physically one expects the 
horizon entropy to count the true number of BPS states at the attractor point, there is in 
general no reason to expect this true number to be much larger than the index at finite 
values of the string coupling, as generically quantum tunneling effects will lift unprotected 
bose-fermi pairs as soon as the coupling becomes nonzero. (See section ^ for more discussion 
about this.) 

At first sight, a class of five dimensional M2 black holes^^ studied in Q seems to provide 
a strong counterexample to this claim: it was found there that the black hole horizon 



^^And therefore, through the 4d-5d correspondence of j?^, also a class of four dimensional D6-D2-D0 
black holes, for which the D6-brane charge is 1, the D2 charge equals the M2 charge Q, and the DO-charge 
equals 2j£ = 2mL- In other words, precisely the kind of 4d black holes we are interested in here. 
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entropy matched the total dimension of the cohomology of the corresponding microscopic 
D-brane moduli space rather than the index, which was taken to be the Euler characteristic, 
i.e. Nq = ng as defined in ( |6.4[ ) and (6.5). In fact the logarithm of the former was found to 



grow like Q^^'^-, while the latter grows only like Q, with Q the M2 charge, precisely the kind 
of miraculous cancelation we are after. However, upon closer inspection, one sees that Nq 
is not the proper index to compare to. Indeed, a 5d BPS black hole is characterized not 
only by its M2 charge Q, but also SU{2)l spin j| = rriL- Therefore, the proper index to 
compare to is Nq^ defined in (|6.3D and in fact, we argue in appendix]^ that for this model, 



log Nq'" ^ \J ~ in perfect agreement with the black hole horizon entropy to leading 
order. The origin of this huge cancelation arising when summing over rriL was explained 
under (S.5), and can be summarized as (1 — 1)" = 0. The enhancement of growth going 



from the Uq ~ e*^ to the Nq^ ~ e^^^^ is due to the presence of large binomial coefficients 
in the relation ( |6.5| ) between them, which in turn come from degeneracies due to the Wilson 
line moduli. In any case, the upshot is that the proper index again agrees with the black 
hole horizon entropy. 

Nevertheless, the cancelation is suggestive. Could it be that in summing over all 
contributions to our total index, we are effectively summing over (or, in four dimensional 
language as in footnote [5^, over DO-charges), thus producing a near-exact cancelation? This 
brings us to possibilities (2) and (3) in the list above. In particular, as we will see below, 
possibility (2) might be related to this. 

Before we go on, it is worth emphasizing that in general cancelations changing the 
exponential growth behavior have to be pretty miraculous indeed. Consider for simplicity 
two contributions of nearly the same size but with opposite signs, say 

^ := e^\P? _ e^c+e)\p\^ ^ e|P|3e'=l^l'. (7.23) 

Then to get C, ~ e'^'l^'^, we need e to be of order e"*^'^'^! So it is hard to imagine a 
significant cancelation in our index unless all leading order contributions cancel exactly, 
and only exponentially subleading contributions remain. 

In view of this, it seems highly unlikely that such cancelations could occur as described 
in possibility (3). Moreover, even if there were such a cancelation for contributions at 
t = ioo, there would not be such a cancelation at other values of t, since different splits 
r ^ Fi + r2 have different walls of marginal stability, so if there were cancelation at one 
point in moduli space, this would almost certainly not hold at some other point, since the 
set of contributing splits will be different at these two points. Thus, if cancelation is to 
happen, one would expect it to take place already at the level of the contributions to f2(ri) 
and Q{T2), i.e. possibility (2). 

Unfortunately, possibility (2) also appears highly unlikely. In this case, we can relate 
the problem, to some extent, to a precise mathematical question about the asymptotic 
growth of DT invariants. Recall that according to ( |6.78 ) and (|6.21| )- (|6.24 ), we have, at 
least for r/ < r/^, <C 1, 

n{ri,t„,s) = NoTifii^rii) + Al^(ri, t^,) (7.24) 
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with [Pi,ni) defined as in (|4T^)-(|4lg|). As we showed in section |6.3.2| , Afl can be nonzero 
due to swing states. By definition, for rj < S\P\~^'"^ (with 1 < ^cd < 3), we have = 0, 
but in the case at hand we cannot use this since we want to keep rj fixed while scahng up 
P, so we always exit this regime. Thus we expect A$7 ^ 0. 

As we will see below, the generating function for DT invariants has some special 
structure which allows one to make some (very) heuristic arguments in favor of miraculous 
cancelation of different contributions to the DT invariants. If such cancelations indeed 
occur, then it would become perhaps less implausible that something like it might happen 
for n{ri,t ms) 3-8 well. However, note that this is far from obvious. First, for non-extreme 
polar states, i.e. values of rj closer to 1, there will also be contributions from rank r > 1 
D6-anti-D6 splits, which are not directly related to the above DT invariants. Second, the 
individual flow tree contributions to each of the two terms on the right hand side of ( |7.2^ ) 
will give contributions to the index scaling as e'^^ under the large A scaling {p^,p, q, qo) —>■ 
{p^ , Xp, X'^q, X^qo) we are considering (this acts on the {f3i,ni) parameters as {f3i,ni) — 
(A^/3i, A^nj)), as follows from the general arguments of section 3.3. Hence we would need 



miraculous cancelations between the contributions to A^l separately as well. Moreover, 
by varying (/32j'^2) while keeping (/3i,ni) fixed, tms will vary, and so AQ can change if 
this variation takes ims over some marginal stability wall. Again individual contributions 
to this variation of AQ scale as e^^, so cancelation should occur already within this very 
reduced ensemble. It seems hard to imagine how something like this could happen unless 
there is extended supersymmetry killing off individual contributions in bose-fermi pairs. 

Nevertheless, since the problem for DT invariants can be formulated in a mathemati- 
cally precise way, and the question is of some interest on its own, let us proceed to inves- 
tigate the scaling 

log Nori^'^P, X^n) ~ A^ (7.25) 

and ask whether k = 3, as suggested by the scaling argument, or whether cancelations 
occur making k <2. (Note that the asymptotic growth N£)T{0,n) ~ e"'^ ^, given in (|6.2|), 
suggests that we always have at least k > 2.^"^) 

To be more precise, consider the limit-supremum: 

, loglog|A^DT(A^/3,AMl 

A; = hmA^+oo -, (7.26) 

log A 

The first question is whether this is independent of {fi,n), and hence equal to a constant 
k. We expect this to be the case. If this is indeed so, then the next and crucial question 
is the value of k. Unfortunately, the answer to this question seems to be unknown. Even 
for particular cases, we have been unable to find k. The reason is that to compute the 
DT invariants to sufficiently high order, one needs BPS invariants Uq to sufficiently high 



^^Except when xi-^) = 0. Indeed, for and x K3, this entire discussion is superfluous: for T®, 
ZuT ~ 1, and for x 7^3, -Zdt = where t is the Kahler modulus. In other words, in these cases 

we do have "miraculous" cancelations, although in this case the miracle is simply extended supersymmetry. 
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order Q, and despite tremendous recent progress |102], the available data so far are not yet 
sufficient to get even a numerical hint of what the correct answer could be. 

Let us therefore turn to a some heuristic arguments - two pro and two contra - for the 
cancellation hypothesis. 

1. The first heuristic argument suggesting k = 2 goes as follows. What we want to 
compute is 

Ndt{X^(3, A^n) (fdtdg e3"^'-2-^*-/3^' ZDT{-e-^, e^"*). (7.27) 



Now, because of the DT-GW correspondence as reviewed in section 1.3, we can 
formally write, at small g, 

ZDT{-e-3,e'^^'') ~ e^^^*^ (7.28) 

where f{t) is the generating function for genus zero Gromov-Witten invariants. Plug- 
ging this in (|7.27 ) and doing a naive saddle point evaluation gives saddle point equa- 



tions of the form 

n~^, g=:g,/\ (7.29) 
% % 

and saddle point value 

A^DT(A^/3,A^n) ~ 6^=^", (7.30) 

where c is independent of A. In other words, this indeed suggests k = 2, hence 
miraculous cancelations! On the other hand, it is not clearly valid to use ( |7.28| ) in 
such a saddle point analysis, so the argument is only heuristic. 

2. To be conclusive, one would like to see the cancelations happening directly. To 
see where these might come from and how they might be related after all to the 
cancelations we mentioned earlier in the context of 5d M2 black holes, recall the 
expression ( |6.7D -( |6TlD for 2dt- Note that when (7 — > 0, u = — — > —1 and 
^DT^ ~^ rig (1 ~ w'')""'. This collapse is due to the same kind of binomial coeffi- 
cient cancelations we saw in the 5d black hole context and as explained under (|6.5|), 
killing all r > 1 contributions. Of course this is as expected from the DT-GW cor- 
respondence: only the genus zero and one contributions to -Ftop survive when (7 — > 0. 
But it is noteworthy that these "miraculous cancelations" are intimately tied to- 
gether with this correspondence, indicating that the heuristic result we found does 
have something to do with the existence of cancelations. 

Furthermore, on general grounds, and as suggested by the heuristic argument, it is 
conceivable that the large A scaling of ( 7.25| ) is governed by the g ^ behavior of 



^® There are some examples where one could extract k on compact Calabi-Yau manifolds. These use 
results on Fg to all orders derived from heterotic/typellA duality, However, in precisely these 

cases the relevant black holes have — 0. Thus, one should suspect that the case where f3 represents a 
holomorphic curve in the K3 fiber of a K3-fibered Calabi-Yau is not representative. That is, there is in fact 



some dependence of (7.26) on f3 and really we should be asking about generic (5. 
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Zdt, i.e. the r = factor and to a lesser extent the r = 1 factor. Now if we drop the 
r > 1 factors, we have effectively dropped our reasons to expect A: = 3 in ( [7.25 ), since 



as we noted in our discussion of 5d black holes above, the enhancement of growth 
going from the rfq ~ to the Nq^ ~ e'^^^^ is due to the presence of large binomial 
coefficients in the relation ( |6.5D between them, but if we drop all r > 1 contributions, 
these are no longer present. 

Although this fortifies the case for cancelations, it is still not conclusive. We did some 
numerical experiments with very simple toy models for which naively one could make 
the same reasoning as above, but which nevertheless did not lead to any cancelations. 
Unfortunately, as we noted before, not enough hard data about the BPS invariants 
Uq is available at this time to check these arguments by direct computation in an 
actual (compact) model. 

3. An argument against the cancelation hypothesis follows if we assume the OSV con- 
jecture holds for = 1, for some value of the -B-field at J = oo. Then N£)t{X'^(3, X^n) 
should be given by the OSV formula, which for A — > oo predicts a growth N^t ~ 
exp[A^Y^/3^ — n^], leading to A; = 3. Indeed, one concrete conclusion from these con- 
siderations is that the OSV conjecture for p° = 1, too ^ ioo and the weak coupling 
OSV conjecture for = 0, too — *■ ioo cannot both be true. 

4. We conclude by giving a second heuristic argument indicating there are no significant 
cancelations, so that the entropy enigma is also an index enigma, i.e. that indeed 
logJ7(Ar;t = zoo) does grow as A^ in the large A limit, with F some D4-D2-D0 
charge. For simplicity we take F = (0, P, 0, 0). A naive model for this is a D4-brane 
wrapped on P with = x(P)/24 ~ P'^/24 pointlike DO-branes bound to it. Ignoring 
divisor moduli, flux degrees of freedom and so on, the index of this system is simply 
the orbifold Euler characteristic of the A-fold symmetric product of P. This is given 
by the coefficient of q'^ in Yl^i^ — q^)~^^^\ The A — > oo asymptotics are given 



by the Cardy formula log^Ar ~ 47ry' (A — ^)^, and this equals the single centered 
entropy for this charge. However, the value A = x/24 of interest to us lies outside 
the regime of validity of this formula — in fact plugging this in the formula gives 
zero. Numerically on the other hand, we find log(ijv=x/24 ~ 0.17649134 * x 
(Exponential growth of this coefficient can also be proved analytically.) Note that 
this is the same growth as suggested by the two-centered black hole estimate without 
cancelations! But again this argument is too heuristic to be taken seriously; in 
particular, although this model for the D4-D0 system is fine in the limit A^ — > oo, it 
is not clearly applicable to the case A ~ P'^, since there is now no justification for 
ignoring the divisor moduli and fluxes. 

In conclusion, although we cannot completely exclude a miracle, it seems very unlikely 
to us that a sufficient amount of cancelation could occur to bring down the polar index 
growth at fixed ry from ~ e^^ to ~ e^^, and we therefore believe k = 3 in ( |7.13| ), hence 



*We thank D. Gaiotto, A. Strominger and X. Yin for a related suggestion leading to this argument. 
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a breakdown of OSV at weak gtop (and too = ioo). It would be interesting to settle this 
question definitively. 

7.5 Dumping the dangerous swing states 

We now briefly return to the second main unresolved issue, namely the value of the core 



dump exponent introduced in section 6.3.2 



At the end of section |6.3.2| we offered some circumstantial evidence suggesting that 
perhaps = 1, and all is well. In addition to this, we can offer the following physical 
evidence that suggests that ^cd = 1- As noted in section |7.3| , in this case, the D4-D2-D0 
partition function differs from |^topP by terms whose order indicates that they involve 
Schwinger pair production of wrapped D4-brane states, giving finite size corrections to the 
exactly factorized expression. Analogous states have been seen to play a role in topological 
string amplitudes before |^8|. Since there are no other obvious physical effects which would 
be larger, one might hope that ^cd = 1- 

Clearly it is of great interest to investigate these phenomena further to see whether or 
not the core-dump exponent ^cd is larger than one. It should be relatively straightforward to 
come up with further systematic analytical and numerical evidence, similar to the evidence 
we accumulated in favor of the extreme polar state conjecture, but we leave this for future 
work. 

One of the reasons that the OSV conjecture is interesting is that it suggests a way to 
give a nonperturbative definition to the topological string. In view of this it is intriguing 
that the corrections we find are indeed suggestive of nonperturbative corrections. Therefore 
it might be useful to ask how to compute the contribution of these nonperturbative effects 
to F-terms in effective supergravity. 



8. Summary of open problems and potential future directions 

In this section we collect and summarize the many issues and open problems which arose in 
our derivation of the OSV conjecture. We also suggest some potentially interesting future 
directions for research. 



First, as already discussed in section 1.2, our "proof" of the OSV conjecture is really 



more of an outline for a proof. The following important issues need to be settled before 
the argument truly constitutes a proof, even in the strong coupling regime: 

• Some basic issues in the theory of split attractor flows and multicentered black hole 
solutions remain to be clarified. While physically very well motivated, and supported 
by numerous examples, the split attractor flow conjecture of section 3.2.2| remains to 



be proven mathematically. Moreover, as we discussed, the Hilbert space of BPS states 
7i(T;t) is — roughly speaking — "graded" by the split attractor flows associated 
to (r;t), but we noted some subtleties, and hence the precise rule remains to be 
elucidated. Among other things one should understand better the possible quantum 
mixing between states associated to different attractor flow trees. 
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It would be desirable to have a more systematic derivation of the D4 partition function 
we used in section |2| starting from a path integral. Ideally, this should clarify the 
relation of d{F, N) to general DT invariants. 

The extreme polar state conjecture remains to be proved. 

We have shown that certain swing (core) states could potentially invalidate the OSV 



conjecture. This led to the definition of the core dump exponent in section 6.3.2. As 
discussed there, it remains to show that ^cd < 2. If it turns out that ^cd > 2 then the 
OSV conjecture is very unlikely to be true, even at strong gtop. We outlined some 
indications that ^cd = li but further work is needed to test this hypothesis. 

• The equality of DT and Gromov-Witten partition functions for compact CY remains 
to be proved. 

Certainly, at the "physical level of rigour" the extreme polar state conjecture and the 
claim that ^cd ^ 2 are the main gaps in our argument. We are rather confident that all the 
above issues - be they ever so challenging - can be satisfactorily settled, with the possible 
exception of S^cd ^ 2. Granting these points, there are a number of ways in which the 
refined OSV formula could be extended further. 

• First there is the question of the extension from strong to weak topological string 
coupling. As we have demonstrated, this is loosely related to a well-posed question 
regarding asymptotics of DT invariants, namely, the evaluation of 

k = limA-.oo ] • (8.1) 

log A 

However, while an anomalous value k < 2 instead of the expected k = 3 would 
certainly be suggestive, this would not immediately imply a similar growth of the 
relevant indices Q{Ti,t^s)- Regarding the latter, we see little hope of a cancellation 
and expect that the OSV conjecture fails at weak ^top- It would however be very 
interesting to verify this more directly. 

• As we saw, the "core states" account for the genus r > component of the Gopakumar- 
Vafa product form of the topological string partition function. While some core states 
are black holes, there are also more complicated core states. It would be very inter- 
esting to find some way to organize and classify these core states. It would seem that 
this is essential to evaluating ^cd- 

• Can our methods be extended to values of P which are not in the Kahler cone but 
nevertheless support BPS states? (Consider, for example, a curve of resolved ADE 
singularities.) 



The original paper |1C] claimed a version of the conjecture for all magnetic charges, 
including ^ 0. The wall-crossing formulae we have discussed would seem to pose 
a serious obstacle for such a version of the conjecture, at least if it is based on the 
degeneracies at Imt = oo. Is there nevertheless a version for ^ 0? 
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Let us now turn to various questions and potential physical applications which our 
paper raises: 



Our work sheds some light on the old confusion of the relevance of absolute BPS de- 
generacies versus indices. On physical grounds, one expects the total BPS Bekenstein- 
Hawking-Wald entropy and refinements thereof to correspond to the absolute number 
of BPS states. Naively one might therefore think one should compare the total di- 
mension of the cohomology of the relevant D-brane moduli spaces rather than the 
euler characteristic, which is the index. However, one should keep in mind that the 
quantum mechanics of D-brane moduli spaces is only a low energy approximation 
to the true physical situation. The effective quantum mechanics ignores some of the 
degrees of freedom on the D-brane. In particular, one should take the string coupling 
constant to be zero. As soon as it is nonzero, instanton effects come into play. For 
example there might be tunneling between different classical supersymmetric ground 
states, i.e. between different components of the D-brane moduli spaces. In particular 
we expect D2-instantons tunneling between different flux sectors with the same total 
charge, producing effects of order ~ g-^/^/snA ^ e~^''^nA.^'^ These are external to 
the moduli space quantum mechanics, and will generically lift bose-fermi pairs of 
supersymmetric ground states of the latter. Based on genericity, one could therefore 
reason that in fact, all nonprotected states can be expected to be lifted, bringing the 
total degeneracy down to the value of the index. 

There is quite a bit of evidence in favor of this idea. First, the detailed agreement 
we find in this paper (and the agreement found in related work) is with the index, 
not with the total cohomology of moduli space. Indeed, the BPS invariants Uq 
determining -Zdt are all indices, not total betti numbers. The simplest example of 
this is the power of the MacMahon factor, which is the euler characteristic x(^) of the 
Calabi-Yau, not its total cohomology. It should furthermore be noted that these index 
invariants appear already in the leading order supergravity entropy formula, even 
neglecting and higher order curvature corrections — for example the contribution 
proportional to C(3) x(X) in the IIA supergravity entropy formula is obtained from 
the MacMahon factor counting indices as in This indicates that subtleties 



involving higher curvature corrections (and the fact that we are comparing to the 
BHW entropy taking into account only F-term corrections) are largely irrelevant 
for this discussion. 

In fact it has been known for quite some time that D4-D0 black holes for x K3 
and compactifications have, already in the large DO-charge limit, BHW entropies 
which do not match the total degeneracy at (/nA = 0, while they agree with the index 
(this discrepancy did not arise for SU (3) holonomy Calabi-Yau compactifications 
because the D4-D0 brane moduli spaces were approximated as N-fold symmetric 
products of a very ample divisor, which in the SU{3) holonomy case does not have 



^''Here gffj^ is the effective four dimensional string coupling, which sits in a hypermultiplet and is therefore 
tunable without affecting any BPS indices. 
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any odd cohomology, making the index equal to the total degeneracy). The class of 
5d black holes studied in seemed to go the other way, but as we show in appendix 
^ also in this case there is again exact agreement with the index, provided the proper 
index is used. 

In conclusion, we see considerable evidence that the true number of BPS states at 
finite coupling is in fact given by the microscopic index. If the total number of BPS 
states at zero coupling is higher than the index, we expect a number of states with 
energies no more than AE ~ e~^/^"^ above the BPS bound. 

For an in depth recent discussion of related issues in the case of extremal nonsuper- 



symmetric black holes see | 105 ] 



On the supergravity side, we have a parallel picture. Since there are in general many 
alternating sign contributions to the BPS index, possibly coming from many different 
multicentered configurations, there is again ample room for tunneling effects to lift 
BPS states obtained in the supergravity moduli space approximation. For example 
in our D6-anti-D6 description of polar states, an anti-D2 particle in a halo around the 
D6 could annihilate with a D2 particle in a halo around the anti-D6. Following the 
heuristic dictionary of section such a process should be the supergravity analog 
of a D2-instanton tunneling between different fiux sectors. 

Thus, on both sides, in suitable coupling regimes, this suggests a picture of having 
essentially log \0,{T] t^)\ exact BPS ground states of charge F in a background t^, as 
well as a certain number of slightly non-BPS states at exponentially small energies 
above the BPS bound. Now, this number might actually be quite huge: indeed if 
there is a cancelation e^^ in the index of the kind discussed at length in section 



7.4.2, and if indeed all canceling contributions in the index get lifted by tunneling 
effects, then the number of near-BPS states with exponentially small energy gaps 
would in fact be of order e^^, dwarfing the number of exact BPS states! Even if 
there is no such cancelation, one would still expect a comparable amount of bosonic 
and fermionic states, and therefore ~ e^^ non-BPS states with exponentially small 
energy gaps. 

It would be interesting to see to what extent these speculations are correct, and if 
so, if perhaps there might be implications for models of dynamical supersymmetry 
breaking. 

It would be helpful to elucidate the connection between our approach and the ap- 
proach based on the MSW conformal field theory. The MSW CFT is the effective 
conformal field theory with (0, 4) supersymmetry describing a string obtained from 



^'^We should mention though that in jll] (section 4) the BHW entropy of a class of small black holes with 
untwisted sector charges in the FHSV model was found to agree with the absolute cohomology to leading 
order, but not with the index (while in the twisted sector the index did agree). It is conceivable however 
that in this case there exists again a more refined index which would also be in agreement in the untwisted 
case. Alternatively, certain Kahler classes were set to zero for these small black holes, and perhaps the 
background is too singular. 
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wrapping an M5 brane on a holomorphic surface such as P ||2|, 105 1. The precise 



formulation of this CFT remains incomplete. Assuming the formulation can be com- 
pleted, it would be interesting to clarify the relation between our D4 partition function 
and the elliptic genus of the MSW CFT. 



In equation ( 5.49| ) we found a remarkably simple formula for the entropy associated 



with a 3-node quiver with a loop. The challenge remains to find a conceptual deriva- 
tion of this formula. Will it extend to other quivers with loops? Conceivably, there 
might be interesting applications to the AdS/CFT correspondence. 

Our discussion of multicentered black holes and their moduli spaces should have im- 
plications for the "Mathur program," which aims to account for microstate entropy 



from quantizing supergravity solution moduli spaces |115]. In particular in |79| it 
was proposed that quantizing moduli spaces of horizon-free four dimensional multi- 
centered configurations with given total charge might account for the corresponding 



black hole entropy. The results we found for the three node quiver in sections |5.2.3 



and |5.3| seem to create some tension with this proposal. While in the regime in 
which there are no scaling solutions to the integr ability constraints, the microscopic 
(S'liA 0) quiver degeneracies are correctly reproduced from quantizing the asso- 
ciated three centered system, it seems rather unlikely that this remains the case in 
the regime in which there are scaling solutions, given the exponential growth ( 5.4S| ) 



of the microscopic degeneracies in this regime and the relative simplicity of the cor- 
responding three particle quantum mechanics. Although we can't exclude that the 
set of all multicentered configurations with the same total charge might still add up 
to the same degeneracy as the set of all microscopic realizations with the same total 
charge, in our opinion, our result is instead rather suggestive of the appearance of 
new degrees of freedom and BPS configurations in the scaling regime, qualitatively 



different from the multicentered configurations considered so far. (In [79| are related 
suggestion of the appearance of nonabelian degrees of freedom was made, based on 
SU{N) degrees of freedom associated with nodes of the quiver. The striking thing 
about the present example is that the nodes are associated with rank one gauge 
groups.) 

In this setting, an open problem remains. In the split attractor flow conjecture the 
scaling solutions are in the same component of moduli space as a simple single- 
centered flow for the total charge, and hence are represented by the same flow. These 
scaling solutions cannot be forced to decay by changing the background moduli. 
We do not know however if all multicentered scaling solutions to the integrability 
conditions ( 3.21| ) with the total charge of a black hole in fact correspond to actual 



BPS solutions of supergravity, and if not, whether one can significantly simplify the 
rather cumbersome criterion for existence: 'D{H{x)) > for all x G M^. 

The appearance of the measure factor ( |6.115| ) in the integral form of the OSV formula 
( |6.113| ) is striking and very reminiscent of Kahler quantization. In this interpretation 
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the black hole degeneracies are certain kinds of Wigner functions for a distinguished 
quantum state provided by the topological string. Of course, this observation has 
been made before |114| , but there have been some difficulties making this pro- 
posal precise. (For example, the topological string partition function is not a nor- 
malizable wavefunction. In fact it is not even a function, since it has zero radius of 
convergence.) We hope our precise version can help clarify this conjecture. 

• Our results should have several model building applications, since, at least classi- 
cally, the conditions to have supersymmetric brane configurations are independent 
of whether the branes are space-filling or not. One issue that generally has been 
ignored in phenomenological D-brane model building is stability. For example D7 
branes wrapping divisors in JIB orientifold models might well decay when the volume 
of the divisor gets too "small," just like the corresponding D4-branes in type IIA. 
But as we saw, small is not all that small actually if the divisor has a large Euler 
characteristic. Moreover, flux compactifications with all moduli stabilized typically 
do not have parametrically large divisor volumes. Thus, stability becomes quite rel- 
evant, and the practical tools we developed here might be useful to get a handle on 
this. 

Finally, we think there are mathematical implications and applications which could be 
of some interest. 



If indeed the degeneracies d{F, N) are DT invariants then our main claim is that these 
can be arranged in an interesting modular generating function, and our factorization 
formulae imply highly nontrivial polynomial relations between the DT invariants. 



Do the physical results here, especially the picture of section 4.3, shed light on the 
geometry of the Noether-Lefshetz locus? 

In the discussion of the fareytail expansion a certain interesting class of polynomials 
arose. What are these polynomials? Do they have a physical interpretation? 
What is the analog when \ wh\ is half-integral? 

In equation (^^) we derived a wall crossing formula. However, it is incomplete since 
we should like to account for all nonprimitive splits F NiTi + N2T2 across a wall 
of marginal stability. Generalizing to the case where Ni,N2 are both greater than 
one appears to be an interesting and challenging problem. 

It would be interesting to clarify the relation of our framework to the study of 11- 
stable objects in the derived category of coherent sheaves on X. It has not escaped 
our attention that D. Joyce has also arrived at wall-crossing formulae reminiscent of 
ours from a very different point of view (see [S8| and references therein). It is clearly 



of value to examine the relation between these formulae. 

There is an old idea that there should be an interesting algebraic structure associated 
with BPS states of D-branes on Calabi-Yau manifolds |117, 38, Indeed, infinite 
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products such as (|6.8| )-( Ol] ) are reminiscent of denominator products associated to 



generalized Kac- Moody algebras. The algebra should be graded by K{X), and should 
depend on the moduli too- Along lines of marginal stability where F ^ Fi + r2 we 
should associate algebra products 7i{Ti;t) 7i{T2;t) 7i{r;t). These algebras 
should generalize the geometric construction of highest weight modules of affine Lie 
algebras due to Nakajima. Perhaps some of the examples and techniques of this 
paper could be usefully applied to realizing this dream. 

As we have mentioned, in the dual M-theory viewpoint the BPS indices are computed 
using the elliptic genus of the MSW CFT 18 1. It is interesting to ask how 



the wall-crossing formula should arise in this context. Studies of the (0, 4) elliptic 
genus thus far have been limited to the region too = ioo, but presumably there is 
an extension of the (0,4) CFT and its elliptic genus to finite values of too- In this 
context many interesting new issues will arise. First of all, the (0, 4) CFT is rather 
subtle due to the discriminant locus in the moduli space of the surface on which the 
M5 is wrapped, and hence the very definition of the Dirac-Ramond operator will be 
subtle. Next, one may guess that as one continues the background moduli through 
certain walls the Dirac-Ramond operator fails even to be formally Fredholm and 
its character-valued index can change. It would be very interesting to recover the 
wall-crossing formulae from this point of view. 



In section p.l.2| we showed that there is a difference between D6D2D0 degeneracies 
and DT invariants. Only in a special limit of the S-field do they correspond. This 
raises the question of what the general relation is, and whether other limits of the 
-B-field could be taken. (That in turn reduces to detailed applications of wall-crossing 
formulae which we have not tried to sort out.) 
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A. Definitions and conventions 

In the IIA picture, we write charges F G H^^^'^{X) in components as 

F = F° + F^L»^ + FA5^ + Foa; (A.l) 



- 124 - 



where {Da} is a basis of H^{X, Z), {Z?"^} is a dual basis, and cv is the unit volume element 
on X, dual to 1. The index A runs from 1 to h^'^{X) := h. When T is identified with 
{p,q), we have = F^, q\ = Fa- The index A runs from to h. Quantities with an A 
index tend to get capitalized. Note that = (f)^, = etc. 

The Dirac-Schwinger-Zwanziger symplectic intersection product is defined as 

(r, A) = -r° Ao + Aa - a^ + To a° = f r a a* , (A.2) 

Jx 

where A* is obtained from A by inverting the sign of the 2- and 6-form components. When 
Fi and r2 are represented as sheaves Vi and V2, then their charges are given by 



r, = ch(F,) ^A{X) = ch(F,) (1 + ^) (A.3) 
and, by the Grothendieck-Riemann-Roch theorem, 

^(-1)^= dimExt*^(Vi,y2) = (ri,r2) = / ch(Vi)ch(y2*)l(x). (a.4) 
k •'^ 

The normalized period vector is defined as 

J^nrm(t,f) :=ei-^(*'*)Ohoi(i) Gi?'*(X,C), K:=-\ni{^^^,,Tl^{), (A.5) 

which depends on the complexified Kahler moduli fields = B"^ + iJ^ and in the large 
radius approximation is given by 

J^hol = J^nrm = ^#=. (A.6) 

Prom this, one defines the holomorphic central charge 

^hoi(r,t) :=(r,i^hoi(t)), (A.7) 
which in the large radius approximation becomes 

^hoi(i?, q;t) = - f (p° + P + Q + go a;) A e-* (A.8) 
Jx 



= /^-P-^ + Q-i-go (A.9) 

= Ip^'DABCt^t^t'' - ^p^DABCt^'t'' + qAf" - go (A.IO) 

where Dabc '■= Da ■ Db ■ Dc := f\ Db f\ Dc- The normahzed central charge 

is obtained from this as Zarm = e^^^hol- Wc usually drop the subscript distinguishing 
holomorphic and normalized central charges when no confusion can arise. Sometimes we 
abbreviate Z{F;t) to Z{F). 
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B. Some algebraic geometry 



We collect here some mathematical facts used in the text. Many of these are nicely ex- 
plained and were skillfully applied in the present context in H . Many of the mathematical 



facts can be found explained in detail in |104], chapter 1. 

Let X be a projective variety. A divisor class is determined by P G H'^{X,'L). If P 
is of type (1, 1) it is the first Chern class of a holomorphic line bundle £p, and effective 
divisors in the divisor class are vanishing loci of sections of £p. The moduli space of these 
divisors is a projective space Mp = ¥H^{X, Cp), called a complete linear system, also 
denoted |P|. The generic divisor in A4p is a smooth hypersurface in X, but there is a 
discriminant locus P in A4p of singular divisors. 

For example, if X is the quintic Yl Xf = in then P = nH where n > is integral 
and H is the Kahler class of and the linear system Ai p consists of the set of divisors 
defined by the vanishing of a degree n polynomial on P^ intersected with ^ Xf = 0. The 
discriminant locus D is already quite complicated for n = 1. In this case the divisors are 
defined by ^ OjXj = with [ai : ■ ■ ■ : a^] S P^ and the discriminant locus is defined by 
ai = bf where [6i : • • • : 65] G X. 

The dimension of the moduli space dim A^p can, under some circumstances be obtained 
by combining the index theorem with vanishing theorems. The index theorem says 

'y(-iyh'= [ e^Td{T^'°X) (B.l) 

where /i* = dim W {X, Cp). Now, P is very ample iff the sections s : X ^ ¥H^{X, Cp) 
define an embedding ( [ |104| , p. 192). On the other hand, P is said to be ample if some 
positive multiple of it is very ample. A criterion for being ample is that P is positive as a 
(l,l)-form, i.e. Pfj > 0, which in turn is true iff P lies within the Kahler cone, i.e. > 0, 
• p2 > 0, P3 > for all effective curves /3 and divisors D. In this case h'^{Cp) = for 
i > ( [|104| ] p. 154), and Alp is just a projective space of complex dimension — 1 which 



can be read off from B.l 



Specializing to a Calabi-Yau 3-fold X we have Td(r '^X) = 1 -|- C2{X)/12 and hence 

dimMp = lp'' + ^Pc2{X)-l (B.2) 
b 12 

and hence x{Mp) = ^P^ + ^Pc2{X). 

As explained in detail in [Q], using the Hirzebruch signature theorem and x(^) = 
C2{TTj) together with the adjunction formula we get 

X{^) = P' + Pc2{X) (B.3) 

a{^) = -\P' - \PC2{X). (B.4) 



We often denote x(^) by x{P)- Now eqs. (|B.3| ),( |B.4D in turn imply 



6+(S) = + ipc2(X) + 6i(S) - 1 (B.5) 
62 (S) = V + ^Pc2(X)+6i(S)-l. (B.6) 
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Note that for "large" P (such as we consider in this paper) the topology of S is quite 
complicated. For example, on the quintic, if P = nH we have x{Mp) = (an 
integer) and x(^) = 5?^-^ + 50n. 

In the text we use the Lefschetz Hyperplane theorem ( ]104[ , p. 156) which guarantees 
for very ample S that the pullback H'^{X,Q) i7'^(S,Q) is an isomorphism for q < 
dimX — 2 and is injective for q = dimX — 1. It follows that, if X has generic holonomy 
and P is very ample, then the generic smooth surface T, £ Mp has f'i(S) = 0. 

The lattice i?^(S,Z) has an intersection form. It is embedded in the vector space 
i/2(S,M), and the latter can be decomposed orthogonally into H'^'^ © H^' . As S moves 
in the moduli space the decomposition "rotates" relative to i/^(E,Z). This is described 
as a variation of weight two Hodge structures. See |105| | for a discussion in the present 
context. There is a fixed part, Lx = i* H^'^{X,'L) which does not rotate. As explained in 
||2[ Lx has signature (1, h}'^{X) — 1) by the Hodge index theorem [106| with the positive 
direction being the Kahler class J. Thus ff^'"*" is spanned by the J and the (2, 0) + (0, 2) 
forms, while is a negative definite space spanned by the orthogonal (1, 1) forms. Note 
in particular that since Lx has a nondegenerate form the matrix DabcP'^ is an invertible 
matrix — a fact we often use. 

An important role in this paper is played by the locus NL{F) defined by choosing 
F G ff^(S,Z) and considering the locus of divisors for which F is of type (1, 1). This is 
known as the Noether-Lefschetz locus, and, we are told, is a somewhat mysterious object 
mathematically. In |107| it is shown that NL{F) is an algebraic variety. The moduli 
space A4f,n appearing in eq.( |2.7| ) projects to NL{F). The fiber over a smooth element 
S G NL{F) is Hilb^ {Ti). Unfortunately, complicated things happen at the discriminant 
locus so this is not a practical way of understanding the d{F,N). 



C. Finiteness of the number of split attractor flows 

Throughout the paper we have assumed the following statement: 

The number of distinct split attractor flows terminating on regular attractor points, 
beginning with a fixed charge Tq, at a fixed initial point t^o, is finite. 

In this appendix we will prove a weaker version of this claim, namely that the number 
of attractor flows terminating in any flxed compact region of Teichmiiller space is finite. In 
fact our argument proves rather more and addresses a class of noncompact regions. The 
proof uses some general ideas mentioned in appendix A of [^] . 

We will be using the large Kahler structure formulae for the central charges. Expan- 
sions around this point in moduli space distinguish a duality frame of electric and magnetic 
charges. The first step in the argument shows that there are a finite number of possible 
collections of magnetic charges of the final regular attractor points. To do this we consider 
the attractor equation for a charge T written as: 

2im(z(r)z(r')) = (r,r') (c.i) 
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for all charges V. It therefore follows that 

for all r' such that Z{r;t^{T)) / 0. 

Let us consider first the one-dimensional case with F = r + bP + cP^ + dP^ and 
t*(r) = (x + iy)P. Then applying the inequality (C.2) with T' = P"^ we get 



1 /4P3 

|^(r;t.(r))|>-J — |r|y3/2 (c.3) 



and using V = P^ we get 



1 /4P3" y3/2 

|2(r;Mr))l>5^— (C.4) 

In order to for these inequalities to be useful we must assume that the final regular 
attractor points will be contained in a region of Teichmiiller space of the form —L < x < L, 
y > J/m- These are the noncompact regions alluded to above. The need to restrict attention 
to such regions is the main limitation of the present argument. 

Granted that the flows lie in a region of the above type, we have absolute lower bounds 
at attractor points: 

\Z{T-Mm>\\[^\r\yU' (C.5) 



and using V = P^ we get 



1 Zips" 



2 V 3 ' ' |L + iy. 



m I 



Let us absorb the factor into Z to define Z. 

Now, if we consider an attractor flow tree starting from (ro,too) then since the flow 
is gradient flow for log \ Z{T; and since at the walls of marginal stability with vertices 
r ^ Fi + we have \Z{r;tms)\ = \Z{Ti]tms)\ + \Z(J'2;tms)\, we see that if the final 
regular attractor points for the flow tree are labelled (Tj, tj), i = 1, . . . N then we have 

1 ^ 

\z{T,-t^)\^>Y,\n\ (C.7) 

y-m i=l 

ir -u ■ I ^ 

|^(ro;too)|^m^>El^^l (C-8) 

y-m. i=l 

Because charges are quantized rj are integers, and (taking P to be primitive, for simplicity) 
hi are integers. It follows that there are a finite number of sets of possible final magnetic 
charges {(ri, 6i), . . . , (r^r, ^at)}. From this finite list of charges we only keep those for 
which = r and ~ ^- Then from the remaining list there are a finite number of 
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topologies of binary trees we can build up from these final charges terminating on a single 
initial charge. Let us call these "magnetic flow trees." 

The finiteness of the number of magnetic flow trees does not yet imply that there are 
a finite number of attractor flow trees because we have not taken into account the electric 
charges. Now, the the regular attractor flows for pure electric charges, i.e. for D2D0 
boundstates, goes to t = ioo. For this reason the inequalities we get taking T' to be a 
magnetic charge are less useful and we need to use a different kind of argument. 

Suppose there were an infinite set of attractor flow trees. As we have seen there is 
a finite list of magnetic flow trees terminating on regular attractor points at finite places 
in moduli space. Therefore, there would have to be an infinite family of flow trees with 
all the D2D0 emissions taking place along one particular line segment taken from one 
particular magnetic flow tree. We are not allowing splits where all three charges have zero 
magnetic charge, and hence this line-segment must carry some nonzero magnetic charge 
(r^,, 7^ 0. Order the inflnite set of trees with electric emissions from this line segement 
and let (cq,P^, daP"^), a = 1, . . . , oo be the electric charges emitted from this line segment 
in the ensemble of all trees. Let the point at which they are emitted be ta = (xq + iya)P- 
Let the charge along the line right after this emission be {r^,b^:P,CaP'^,daP^)- Finally, if 
a flow emits {caP'^,daP^) then there will be a set Sa of numbers (3 < a accounting for 
all the electric charges {cpP"^ ,dpP^) emitted up to that point along that segment in that 
particular flow. 

Note that we have 

|Z(ro;too)| > |^(n,6,P,c„P^d„p3.t„)| + ^ \Z{Q,{),c^P^,dpP'^;t^)\ (C.9) 
for all a. 

Now, if the set (cq,c?q) is not bounded in 1? then we clearly must have ^ oo so 

that 

remains bounded. On the other hand, suppose the set of electric charges {ca-,da) does 
remain bounded (for example, suppose there is an infinite set of attractor trees where more 
and more D2D0 lines are emitted but the charges come with alternate signs and balance 
each other). Nevertheless, because the sum on [3 in ( |C.S| ) remains bounded it must be that 
there is a subsequence such that 

I {CaXa C?a) "I" iCaVal „ /p, \ 

3/2 ^^■^'-) 

ya 

This still implies that t/q, — > oo. One might wonder if we can have the numerator tend to zero 
while Ua remains bounded. Clearly, because of the term iCaUa, the Cq must have an inflnite 
subsequence with all but flnitely many zero. But then we cannot have (cqXq — da) — > 
without da = 0, but then we don't have an infinite number of nonzero D2D0 charges. Thus, 
we must have an infinite subsequence with ^ oo. 
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Now, because of ( p.9| ) we also have an upper bound (namely, y ^pj\Z{To;too)\) on 

yd yd 

The ensemble of complex numbers in the absolute value sign is clearly bounded. Now 
consider the ensemble of complex numbers 

Cq(Xq + iyci) da 

3/2 

We can write: 



3/2 3/2 3/2 

ya ya ya 



(C.13) 



for some fixed . We claim this is a bounded set of complex numbers (as we let a — > cxd). 
The first term on the RHS of p.l3| goes to zero. For the second term we use the fact that 
the ya are increasing^^ so, for example. 



but the RHS of this inequality is bounded. Now, since ya ^ oo the ensemble of complex 
numbers 

3/2 

yd 

in ( C.12| ) is unbounded. This is a contradiction with the boundedness of the set ( C.12| ) so 
we conclude that there can only be a finite number of split attr actor flows. 

The above argument can be adapted to the general follows. 

Let the terminal regular attractor points at finite points of moduli space ti = Bi + iJi 
have magnetic charges (r^. Pi). Using the basic inequality ( p.2D with V = uj, where w is a 
unit volume form we again find 



|^(ro; too)| > E I^Vf ^ V % E l^^l (C.15) 



3 

where as before there is a lower bound on the volume in the moduli space. 
Similarly, we find 

l^(ro;UI>Ef^/f 

Here are arbitrary charges in H'^{X, Z) applied to each of the terminal attractor points. 
The ti are in the Kahler cone, as are the Pi (by the attractor equation), so the most effective 
choice is to take the to range over an integral basis B of effective curves generating 



^we might need to choose a subsequence for this to be the case 
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H2{X,'L). Once again we claim that in a region of Teichmiiller space where the B fields 
are bounded, and the Kahler classes are bounded below, there is a universal lower bound 

for ^1 Y as q\ ranges over B. It follows that X^j l^i I is bounded above for each 
component A in the basis dual to B. 



As before, from ( |C.15 )(C.16) we conclude that there is a finite set of possible final 



magnetic attractor charges, and hence a finite number of magnetic attractor trees one can 
make. 

As before, if there are an infinite number of attractor flow trees then there must be 
some line segment in some tree that supports an infinite family of different trees emitting 
D2D0 charges (g2''?o)- Once again, 



must go to zero for some subsequence of electric charges. Again we conclude that — > oo 
is necessary, and now observe that there is an upper bound on 

Ql*l^a 2^*''a ^ H2^a Vp | (C 18) 



The above is a sum of two complex numbers. The ensemble formed by the second (as 
a ^ oo ) is bounded, but the first cannot be, but this contradicts the fact that the norm 
is bounded. 

Thus, there must be a finite number of split attractor flows terminating in the regions 
of the type we have specified. For physical reasons we firmly believe that the number of 
split attractor flows in all of Teichmiiller space is unconditionally finite. Unfortunately, it 
appears to us that the above ideas are not sufficiently powerful to prove this, and the proof 
will need a new idea. 



D. Attractor tree numerics 

As reviewed in section |3.2| , whenever the entropy function S on charge space is known 
explicitly, one can explicitly construct all solutions to the BPS equations of motion. In 
particular one can in principle explicitly construct attractor fiows and the trees built from 
them, although explicit expressions often become very complicated. The same explicit 
prescriptions can be used though to construct highly efficient numerical algorithms, e.g. 
for determining whether or not a tree of given topology exists in a given background. 

In this appendix, we sketch such an algorithm and explain how we used it to check the 
extreme polar state conjecture. 



D.l Existence of flow trees 

The topological data of a fiow tree can be specified as a nested list. For example the 
tree sketched in fig. 20 is represented as T = {{Fi, r2}, {Fa, {r4, Fs}}}. 
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To determine whether a spUt F — > Fi + r2 exists 
starting from some initial point tin, i-e- whether a wah 
of marginal stability is crossed before an attractor point 
or zero of Z(T) is reached, we proceed as follows. We 
parametrize the attractor flow in the usual way by r = 
1/r such that the initial point corresponds to r = and 
Ur=o = 0. Note that from ( |3.25 ) we always find a unique 
value of r where Im(ZiZ2) = 0: 




To 



2 Im(ZiZ2) 



(ri,r2) 



z 



(D.l) 



r4 



Figure 20: Example of topolog- 
ical flow tree data. 



When the entropy function S is known explicitly, the value 
of the moduli and therefore the central charges Zi and 
^2 at r = To can be computed explicitly using the results of |24|. For example in the 
(effective) one modulus, large radius case with {p^,p, q, qo) = + pD + qD^ + qoD^ with 
D = Di the basis divisor, we have 

S{p'^,p,q,qo) = — \J ,ip^ q^ — Sp^ q^ — Qp^ q^ + l^pp^ qq^ — 9p*'^ q^"^ 



,02 „02 



pq — "ip^ q^ + iySp'^ cp' — (f^ + ISpp" qq^ — ^P^ q^ — ^P^ 

p^ — 2p'^ q 



so the flows are given by t(T) = t{H(T)) with H{t) = —Ft + 2Im(e ^'^^)r=o- 

The value of to given by (p.l| ) corresponds to an actual split point if and only if 



tq > 0, Re(ZiZ2)|7-o > 0, and t |ro li^s in the interior of Teichmiiller space (in the large 
radius approximation in which we work this amounts to Imt'^ly-p > 0). 

To determine whether the full flow tree exists, it thus suffices to check recursively 
through the nested list for the existence of the subsequent splits, as outlined above, and 
finally whether the F, attractor points exist for the endpoints of the tree. In the large 
radius approximation, this is equivalent to having positive discriminant 5^(Fj) ~ P(Fj). 

All of this is easily done numerically. A straightforward implementation in Mathemat- 
ica manages to check about one thousand splits per second on a 2 GHz Pentium. 



D.2 Maximizing go 

Using the procedure for checking the existence of flow trees sketched above, we can try to 
find numerically the maximally polar states (i.e. maximal within a specified ensemble of 
flow trees, thus providing evidence for the extreme polar state conjecture of section 5.2.2| . 

We implemented this in Mathematica by a simple random walk algorithm, starting 
from an existing attractor flow tree within an ensemble specified by a flow tree topology 
and charges Ti{u) depending on a set of parameters u. At each step random points u 
near the latest successful point Uprev are chosen until a value of u is found which gives an 
actual attractor flow tree with q^ larger than the maximal go so far, with some bias in the 
direction of the last successful step. If the number of trials exceeds a certain cutoff, the 
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Figure 21: Left: Initial four-legged flow tree in D6-D6-anti-D6-anti-D6 optimization procedure. 
Right: Endpoint of optimization. The final two splits have become invisibly small; in spacetime 
this flow tree corresponds to near-coincident D6 — D6 and near-coincident D6 — D6, with nearly 
pure fluxed D6 and anti-D6 branes. 

stepsize is decreased. This goes on till a specified (large) number of attractor flow trees 
has been evaluated. The whole process is repeated several times over, eliminating the less 
successful random walks. 

For example, we considered four centered D6 — D6 — D6 — D6 flow trees with topol- 
ogy as in fig. |2l| a and charges parametrized by Fi = e^^'^^^'^{l — PD^ + hiD^), F2 = 
em-5a(i _ + ^21)3), = -e-^/4-S'>(l - PD^ + h^D^), F4 = -e^/^+^Hl " PD^ + 
h^D'^). Keeping P fixed at P = 1 and starting at {Sa, Sb, f3,ni,h2,h3,h/i} = {5 x 
10-2,5 X 10-2,1.92 X 10-2,2.03 x 10-^-2.03 x 10-^,-2.03 x 10-^,2.03 x 10-^} (shown 
in fig. p|a), running 100 times at a cutoff of 100,000 flow tree evaluations, resulted in 
a maximal %, (go)max = 0.0104064 at {S'q, 5;,, /3, ni, n2, ns, 71,4} = {4.9 x 10"^, 1.5 x 
10-'',1.0 X 10-^3.1 X 10-8,-3.1 X 10-^^,-3.1 x 10-^,7.4 x 10-^} (shown in fig. |l|6). 
This is fully compatible with our conjectured (go)max = -P'^/24r2 = 1/96 « 0.0104167, at 
{Sa, Sb, P,ni,h2,n3,h4} = {0,0,0,0,0,0,0}, in accordance with the extreme polar state 
conjecture. 



E. The three node quiver index 

In this appendix we evaluate the integral (^.47]) yielding the Euler characteristic of M 



defined in (5.44). We therefore define the function: 

Xia,b;c) :=y'dJiy'dJ2J-V2-'^i^t^i^^i^^(Ji + J2)^ (E.l) 

In this appendix we will derive the following four main properties. 

First, we obviously have xi^-i c) = x{b, cl; c). Second, we can write x(0) b; c) in terms 
of an integral of Laguerre polynomials: 



X(a,6;c) = ab 



POO 

/ dse-^Ll_,is)Ll_,is)Ll_,is) (E.2) 
Jo 
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in particular, ^(o, b; c) = ab — f{a, b, c) where f{a, b, c) is totally symmetric. 

To state the third and fourth properties note that for 3 positive integers a, b, c either 
all three triangle inequalities are satisfied 

a + b>c (E.3) 

b + c>a (E.4) 

c + a>b (E.5) 

or precisely one is violated. Our third property states that: 



Xia,b; c) 



b{a — c) if a > b + c 

a{b-c) if b>a + c (E.6) 
if c>a + b 



Fourth, when all three inequalities ( [E.3| ) are satisfied we do not have a simple formula for 
x(a, b; c), but we do have the asymptotic formula 

X{a, b; c) ~ ki-iy+''+%abc)-^/^2''2''2'' (E.7) 

where A; is a constant. 

E.l Derivation of property two 

Write x(q^) b; c) as: 



X{a,b; c) 



L_Jdxiji dx2 (1 + l/xif (1 + 1/X2)' (xi + x^r ^s'=e-^(^+"i+"2) (E.8) 

= ^s'^e-' j dxi jdx2{l + l/xiT (1 + 1/^2)' ' e-^(^^+^'^) (E.9) 

= (^3T)T (/rf^i(l + lMre-^"^) (^jdx2{l + l/x2fe-{V.-A:^) 

Now we note that 

jdx, (1 + l/xi)"e— ^ = Q = Ll_,{s) (E.ll) 

is a Laguerre polynomial. Thus we can write 

^("'^5") = {lI-^{s)LU{s)^ (E.12) 

Now integrate by parts c — 1 times (assuming c — 1 > 0). The boundary terms do not 
contribute. Next use the Rodrigues formula 

(x"+'^e^^) = n!x'^e-^L^(x) (E.13) 



to get 

x{aM c) 



dse-^LU{s) (-^) {lU{s)LU{s)^ (E.14) 
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The last integration by parts produces 

Xia,b;c) = ab + ds-ie-'^ LI_^{s))LI_^{s)LI_^{s) (E.15) 



Finally, using 



d 
ds 



(E.16) 



we arrive at the elegant formula ( [E.2D . Of course the integral can be done explicitly as a 
triple sum: 



s=0 i=0 u=0 \ ^ / \ ' / \ ' / 



's + t + u)\ 
s\t\u\ 



(-1) 



s+t+u 



(E.17) 



E.2 Evaluation when a triangle inequality is violated 

The Laguerre form (|E.2| ) of the function does not appear to be the most useful form for 



evaluating x i^i this region. Rather, in the contour integral ( |E.l| ) it is useful to make the 
change of variables 

Zi:=l + 1/J, (E.18) 

The contour will now be on two large circles with radius = l/e^ and we have the contour 
integral 



x(a, h] c) = X(a, h]c) = f dzi w dz2 



'(1-^1)2(1-^2)2 



ah I Z1+Z2-2 
ZiZ2 - 1 



(E.19) 



Let us try to do the integral by deforming the zi contour first. Then we potentially 
pick up poles at zi = 1 and zi = l/z2- This leads to Z = Z1+I2 where Ii comes from the 
pole at zi = 1 and I2 from the pole at zi = 1/2:2. We have 



dzo 



1 



dZ2 — \zi=l 

dzi 



Zo „ / Zi + Z2 - 2 ^ " 



(^2-1 



^2^1 



Z1Z2 - 1 



d 



(c- 1)! \dzi 



c-l 



Ul=l/Z2 



{Z2 - 1)2 {zi - ly 



(zi + Z2 - 2y 



(E.20) 



(E.21) 



It is straightforward to carry out the differentiation in Ii and evaluate the Z2 integral 
from its pole aX Z2 = V. 



Zi = <p dz2{a — c) 



iz2 - 1)2 



(a — c)6 



(E.22) 



In order to evaluate I2 we expand 

(Z1+Z2-2)^ = ^(')(Z1-1)^(Z2-1)^ 

SO now we write: 



I2 —I2 +^2 + ^2 



(E.23) 
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jB 



rC 



dz') 



1 



d 



(c- 1)! \dzi 



d 



c-l 



\z\=l/z2 



{Z2 - 1)2 (Zi - 1)^ 



:{z2-iy 



(c- 1)! \dz 



c-l 



Ul=l/22 



{Z2 - 1)2 (Zi - 1)^ 



rc(zi - l)(z2 - 1) 



c-l 



1 



(c-l)! \dz 



c-l 



Ul=l/Z2 



{Z2 - If 



s=2 



Next we write out the action of the derivative wrt zi. Important simpUfications occur 
because after differentiating we replace 

Zi-l^ -Z2^{Z2 - 1) 

The remaining Z2 integral will get contributions from the poles at Z2 = 1 and, possibly, at 
Z2 = 0. If we replace 



_d_ 

dzi 

c-l 

E 

fc=0 



c-l 



^^=ii^^zi{zi - ly 



c-l 



k J {a- {c-l-k))\{s-2-k)\ 



is -2)1 ^a-(c-l^k)^^^_^y.2-k 



then we find after setting zi = l/z2 that the term is proportional to 



b—a—s+l 



{Z2 - 1) 



c— fc— 4 



(E.24) 



Thus, we can only get a pole for the contributions from A; = c — 3,c — 2,c— 1 and then we 
find that only s = c, c — 1 can contribute. 
Adding up the contributions we get 



7^ = a{a-l)+a{b-a-c+l)+ i [...] 

^22=0 



(E.25) 



The second term arises from the contributions of the poles at Z2 = 0. From (E.24) we see 
that these poles are absent if 6 + 1 > o + c. 
In exactly the same way we find that 

1^ = ]-a{a - l)(c - 2) + a(c - 1)(6 - a + 1) + ]-c{h - a + l){b - a) + (f [...] 

2 2 Jz2=0 



jB 



1 1 / 

--a{a — l)c — ac{h — a) — -c{h — a){b — a — 1) + (p [...] 



where we have added up the poles at Z2 = 1- The poles at zero are absent for b + 1 > a for 
I2 ^-iid 6 > a for X^. 

Thus, when b+1 > a+c we only have poles from Z2 = 1 and adding up the contributions 
we find 

X = 'I{b,a;c) = a{b- c) a + c<6 + l, (E.26) 

in agreement with what we found in section [57 
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What about other ranges? Clearly we have a; c) = I{a, b; c) so we also have 



X = 1{aMc) = h{a- c) b + c<a + l (E.27) 

When c > a + 6 we can use the fact that xi^-i b', c) = ab — f{a, b, c) with /(a, b, c) totally 
symmetric to derive x(0) c) = 0. 

E.3 Large (a, 6, c) asymptotics 

For estimating asymptotics at large a, b, c satisfying the triangle inequality we return to 
the formula (|E.2|). For simplicity we consider 



dse-'L\is)L],is)Lh{s) 

For large A,B,C the integrand oscillates, but has a large peak (at least for A = B = C 
) and one can try to do the integral by saddle-point approximation. The integrand is 
certainly very small for s > {A + B + C). 

The appropriate asymptotic expansion of the Laguerre polynomials for our needs is 
that given in pl^ ], equation 8.22.10. Namely, for x = (4n + 4) cosh^ ((/>), e < < A 

in(^) ~ ^{-ire''/\-Ksmh4>y^/^x-^/\^/^exp(^{n + 1)(2</) - sinh2(/))^ (1 + 0{n"^)) 

(E.28) 

This covers a region up to (4n + 4) cosh^ A for any fixed A as n ^ co. We see that the 
integrand grows much more slowly than q-^+^^Z"^ in this region. Beyond this region we will 
start to get exponential decay. 

We consider the case where A,B,C do not differ too much from some common large 
integer A^. To be more precise, define (f>A, (t>B, 4>c i>y s = 4(A + 1) cosh^ etc. and define 
also s = 4:{N + 1) cosh^ (j). We define fiA '■= := 1 + SfiA and we are considering limits 
where 6fiA = — ^)/{^ + 1) ~ A^^'^ with < ^ < 1. We will neglect corrections to the 
integral of order 1 + 0{6^). These are very complicated. But we will keep corrections to 
the entropy of order (A^ + 1)5 ~ A^^-^^. Note that if 1/2 > 6* these are even dominant 
over the log A^ correction from the one-loop prefactor. 

We solve cosh ct)A = 0- + ^I^a)~'^^'^ cosh cj) by 

1 ^ , , 5ii\ (cosh 3o!) — 3 cosh 6) _ 
and then expand the action to second order: 



/ = (Af-M)|^2cosh^ (|)+^2(j)-siuh2(i))+2(|){5^lA+5^lB+5^^c)-l^{5^J'A+^I^B+^^^^^^ ■ ■ 

(E.30) 

We find the stationary point for this action is 

= log V2 + ^ {5^JLA + ^IJiB + 5^lc)-'^ {dfMA + S^iB + Sncf + (dfil + 5^1 + 5^il) (E.31) 
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and the saddle point value is 

= (iV+1) (^log 8+{5nA+SfMB+Snc) log 2+^{{6nA+S^iB+S^icf-3i6n\+6nl+6fll.))+■ 

(E.32) 

From this we get: 

9I/2 ( -i^A+B+c 

^iN+l)l(iS^.A+s^.B+s^.c?-3is^\+s^.l+s^.l)) (^^ ^ ^^^^^^ <5//b, (E.34) 

Note that if A, B, C are not very different from each other, as we assumed, then it is natural 
to take N = {A + B + C)/3. 

Thus, translating back to our entropy we find that in this regime, 

where the corrections in + • • • are of order 

,^..2a — 6 — c, ,26 — a — c, ,2c — 6 — a,, 

The leading order factorization of the answer, and especially the factors 2°" etc. call for 
a conceptual explanation! 



F. Index vs. absolute cohomology and the entropy of 5d black holes 

In C. Vafa adduced an example of black hole entropy counting which appears to imply 
that the entropy can only be accounted for by computing the total number of BPS states 
without signs, rather than by an index of BPS states. In this appendix we will explain 
that, in fact, the entropy can be correctly accounted for using an appropriate index. 

The problematic example studied in involves type IIA string theory on an elliptically 
fibered Calabi-Yau ir : X ^ B with section. The BPS states in question are those obtained 
from wrapping D2 branes on a curve C C B. 

Let C = 7r~^(C) be the elliptically fibered surface covering C. Then, in |^] it is argued 
that the relevant moduli space which one should quantize to produce BPS states is 

n„>i Sym"((7) (F.l) 

As usual, this quantization involves a Fock space based on oscillators associated with the 
cohomology of C. For generic elliptic fibrations one has h^'^{C) = h^'^{C). It then 
follows from the adjunction formula that 

h^^O{C) = ^{C-C + C-KB) + l (F.2) 

®^Note that this exphcitly excludes the case of a direct product C = C x T^. Our considerations below 
apply equally well in the direct product case. 
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where the intersection products are taken within the surface B, and Kb is the canonical 
bundle of B. Now, using equations (B.5 B.6| ) together with C2{X) = 12(T7r*(ci(i?))mod7r* 



where a is the section of the elliptic fibration, (see, for example, [ [11C| , eq. 7.28), we find 
i 

h^fi^C) = ^{C-C-C-Kb) (F.3) 

/ji'i (C) = C -C -9C ■ Kb + 2. (F.4) 

Now, the key to resolving the puzzle pointed out in Q lies in considering the SU{2) x 
SU{2) Lefshetz decomposition of the cohomology of the moduli space. As emphasized in 
j95U the existence of such a double Lefshetz decomposition follows from physical reasoning, 
although it is not so obvious mathematically. The existence of an SU{2) x SU{2) Lefshetz 
decomposition of the cohomology of C is strongly suggested by the Leray spectral sequence, 



and we will simply assume it exists. Some rigorous results along these lines appear in 

Proceeding naively, the SU{2)b. raising and lowering operators are constructed us- 
ing the Kahler form uj{C) of the base, while those for SU{2)l are constructed using 
uj{E) := uj{C) — uj{C) which may be regarded as the Kahler form of a generic fiber. The 
decomposition into multiplets of the type (jj;,, j^j) is then 

2/ii'0((7)(i 0) e (2/i2'° + h'^' - 2)(0, 0) © (^, ^) (F.5) 

where the last summand is the multplet l,uj{C),ij{E),uj{C) Auj{E). 
Taking into account the symmetric products ([F.l|) we have 



Z = Tr(-l)2™^+2m«y2m,^iV ^ "Q ii^ OT")(1 J^^'^"))"^' (F.6) 

n>l ^ ' 



where 

Nf = 2h^'°{C) - 2 (F.7) 
Nb = h^^\C) + 2h^'^{C)-2. (F.8) 

Note that if we wish to extract the Euler character of the moduli spaces then we set y = 1 
and study the coefficients of q"'. For y = 1 we indeed we obtain 

r/->^(^) (F.9) 

where xiC) = —12C ■ Kb- From the Calabi-Yau condition x(C) > so this will produce 
exponential degeneracies ~ exp[7ry^8|C • -ftTsIn] but, as stressed in the growth under 
uniform scaling of charges (C, n) — > (AC, An) goes as exp[const.A] in contradiction with the 
supergravity entropy which scales like exp[const.A^/^]. On the other hand, since b^'"^"{C) 
and h°'^{C) each scale like C ■ C for large C, the absolute cohomology will grow like 
exp[consi.\/C' • Cn] ~ exp[const.A^/^]. This observation suggests that, at least in this 
example, one needs to use the absolute cohomology ~ the sum over all BPS states without 
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signs - to account properly for the entropy. Unfortunately, that proposal in turn leads to 
many paradoxes. 

There is an alternative however. To account for the entropy we should work at fixed Jl, 



and compute the asymptotic growth of Nq^ as explained in section 6.1.2. In order to do 
this properly we should incorporate the Wilson line degrees of freedom for the D2 wrapped 
on C. This leads to an extra torus factor in the moduli space, and the quantization of 



that torus leads to a factor y — 2 + y 



1/2 



~^/'^)'^ for each T^. Therefore, we are 



interested in the asymptotics of the coefficients D'{n,i) defined by 



(c)-rT ((i-?/g")(i-?/"V))' 



n 

ra>l 



(1 



Y,D'in,i)q^/ (F.IO) 



Setting y = e and q = e and using the product formula for the theta function 
we see that the asymptotics for large n of D'{n,l) are in turn governed by those in the 
Fourier expansion of 



(y 



1/2 _ y-l/2)2^-x(C) / Mz,t) 



C-C+Kb-C 



(F.ll) 



We are interested in the leading behavior for {C,n) — > (AC, An) and since x(C) is linear 



in C the first two factors in ( F.ll ) lead to a subleading correction to the entropy. 
Now let us derive the asymptotics of the Fourier coefficients of 



V 



-xic) 



7]^ 



C-C+Kb-C 



(F.12) 



Put + C • Kb = M and for simplicity assume M is an even integer, and define k = M/2. 
In this case ( [F.12| ) is a weak Jacobi form of index k = M/2 and weight —M — x/2, where 
X = x{C)- (We choose M to be even to avoid certain inconvenient phases in the modular 
transformations. Similarly, strictly speaking we should take x to be a multiple of 24, but 
this latter point is not too essential. ) 

The spectral flow identity shows that ( F.12| ) has an expansion of the form 



c{2Mn - e)q''y^ 



n>Oj 



Decompose the sum by writing 



£ = H + 2ks 



n 



uq + ks + fis 

and choose a fundamental domain — A; + l<^<A;so that we can write 



7] 



(F.13) 



(F.14) 
(F.15) 



(F.16) 
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where 



Note that the most negative power goes hke q~i~^ for /i = zt/c. Also note that by 
the modular transformations of level k theta functions the transform under r — > — l/r 
by a finite fourier transform, times the usual modular weight of —M — ^^y^. 

Applying the Rademacher expansion we find that for 2Mn — \ 

c(2Mn - y-") ~ (f.19) 
with a rather awkward prefactor 

(F.20) 

Now, we can take into account the prefactor y — 2 + y^^ in (F.ll) by noting that this 



amounts to taking a discrete second derivative with respect to v of ( F.19D . This wih leave 
the exponential factor and modify the prefactor C,. 

Letting M = + C • Kb this shows that the entropy at fixed m/, is exactly that 
predicted macroscopically by supergravity, at least for large 2Mn — ^ and we do indeed 
have exp[consi.A'^/^] growth for an index. Note that the terms depending on x correct the 
leading supergravity result in an interesting way. 

What has happened here is that the sum over mj^, which corresponds to putting y = 1 
leads to impressive cancellations. Nevertheless, one can still capture the entropy with an 
index rather than the absolute cohomology. 

G. A derivation of gtop oo OSV using flux vacua counting techniques 



Now let us return to the discussion of section 2.1. As we explained below eq. (|2.5D, counting 



BPS states involves the counting of "open string flux vacua." 

To make this more precise, we make use of the M = 1 special geometry structure of the 
D4-brane moduli space A4 |10^ ]. Let S^t^ be the Poincare dual 2-cycle to F, and expand 

in a basis {C^} of H2{P): T^p = rrf^Ca- In a neighborhood of the divisor moduli space, 
parametrized by moduli z*, i = l,...,n:= h?''^ , we can define chain periods Ha by 

n„(z) := f n (G.i) 

where r„ is a 3-chain with a z-dependent boundary component on P given by C^, and 
possibly other, fixed boundary components, independent of z. With these chain periods. 
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we define a superpotential^^ 



W{z) := m'^Uaiz) = / fl, (G.2) 
Jr(z) 

where T := m°Ta is thus a 3-chain with boundary T,p on P. Critical points of W precisely 
correspond to points where F^^''^'^ = 0. To see this, note that an infinitesimal holomorphic 
variation of W gives 



sw = [ n = [ 6n-n = [ F A{6n-n) 
Jsr Jt.p Jp 



where 5n is the normal holomorphic vector field corresponding to the variation 5z of the 
divisor moduli and 6n-Q is the contraction of 6n with 0, providing an isomorphism between 
the space of holomorphic sections of the normal bundle to P and (2, 0)-forms on P. Thus 
we see that requiring diW = is equivalent to F^^'^'^ = (and therefore of course also 

For the same reason, we have that for each i = 1, . . . , h?'^ , d,jllci{z) is the period vector 
of a (2, 0)-form LOi on P. The natural Kahler metric on moduli space is given by 

g,- ■■= J^^i^ ^] = Q"^ BjUp = 5,%(n, Q'^^ Up), (G.3) 

where Q"^ is the inverse of the intersection form Q^/b ■= Ca ■ Cp. 

Similar to the more familiar J\f = 2 special geometry, acting with further derivatives on 
diU will produce periods of (1, 1)- and (0, 2)-forms on P, because of Griffiths transversality 



1 105]. In particular 

Vi9,n(z) ~ (1, 1) (G.4) 

where Vj is the Levi-Civita covariant derivative with respect to the above defined metric. 

Let us now compute the actual BPS partition sum. For a given flux F, the number of 
isolated critical points of the corresponding flux superpotential Wp is given by 



f (f''z5'^''{dWF)\'leiVidjWF\'^. (G.5) 

JM 



The determinant ensures that each isolated zero of the delta function contributes +1 to the 
integral. We are free to use covariant derivatives instead of ordinary derivatives because 
the difference is proportional to dW , which vanishes. At any such critical point, the divisor 
is frozen, so the only remaining moduli are the positions of the DO-branes bound to P. 
The contribution to the total degeneracy or Euler characteristic from this component of 
moduli space is therefore simply x(Sym^(P)) = py^{N), where Pxi^) are the partitions of 
into X color s.^^ 



*This superpotential and generalizations thereof have been discussed in 109 1. 



^^Because bi{X) = 0, we have 6i(-P) ~ hence the Euler characteristic of the symmetric product equals 
the total degeneracy. 
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Thus, we get for the OSV black hole partition sum 



^BH := ^ ^{p, q) e2-'^"'?"+2-'^^5^ (G.6) 
g 

« ^p^(7V)e2-*°(-^+5^'+^)+2-'f-^ / d^''z6^^idWF)\detV,djWF\^ (G.7) 

N,F ■'^ 

Here ^ = (p^^D^ viewed as an element of H^{P), and we used (^.1|)-( |2^ ). Actually, the 
above partition sum misses the contributions from components which have flat directions 
in the divisor moduli space (since then det W" = 0), e.g. for F = 0. However, we will even- 
tually make a continuous F approximation anyway, which as we will discuss is equivalent 
to a large qq or small (p^ approximation, and for generic divisors the set of such components 
with flat directions has measure zero in flux space. So we will take the above expression 
for Z^ii as our starting point. 

The sum over is easily performed and yields a factor We furthermore expand 

as before F = m'^Ca, which gives: 

7]X{e-^'"f> ) Jm ^ 

(G.8) 

Note that Qaf3 is an indefinite form of signature (6^,62 ). However, only critical points of 
W contribute, at which F is in H^'^{P). Restricted to this space, Q has signature (1,62 ). 
The one positive direction corresponds to the Kahler form J on P. This positive direction 
will cause the black hole partition sum to diverge, but as discussed in and at length in 
this paper, this divergence is easily regularized by adding a Boltzmann factor e~l^^iP'i) , To 
avoid cluttering of formulas, we will not do this regularization explicitly in what follows, 
and use its existence only to justify formal manipulations. 

Both the delta-function and the determinant can be rewritten as integrals of exponen- 
tials linear in m": 

|detm"Vi9jn„|2 = -L y"d"0d>d"^d"V^e^'""(^'^^^"^'^'+^^^5""^"^^'). (G.IO) 

The second integral is over fermionic variables. This recasts the partition function ( p.SD as 
a Gaussian ensemble with boson-fermion-fermion cubic interactions. To obtain the "large 
flux" asymptotics, i.e. the limit of small (j)^ , we replace the sum over discrete fluxes by 
an integral, parallel to [^, 31 1. The resulting integral is Gaussian, so it can be performed 



exactly. This yields for the part of ( p. 8 ) starting at « / (fi^m: 



where 62 := b2{P) and +c.c. stands for the conjugate terms in ( p.g| )-( |G~10 ). Crucial here is 
that det Qap = 1, because the middle cohomology of a compact manifold is always self-dual 
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and therefore its intersection form unimodular. In the above expression and the remainder 
of this appendix, we drop overah phase factors. 

We now need to work out the intersection products. At first sight, this seems to give a 
lot of comphcated terms. However, the underlying = 1 special geometry structure, and in 
particular Griffiths transversality, simplifies this a lot, again in parallel to the closed string 
case analyzed in [|^, First recall that diUa ~ (2,0), VidjUa ~ (1, 1), and $q ~ (1, 1). 
Only intersection products of (1, 1) with (1, 1) or (2, 0) with (0, 2) can be nonzero. Further- 
more, the intersection product Q°'^ ^idjUp = because Q"^ ^i^^ = identically 
for all values of the moduli z. 

The remaining nontrivial products can be computed using the Leibniz rule and or- 
thogonality, together with (|G.3|) : 

diU^Q'^^djUf, = gfj (G.12) 

ikjl 
'ijkl 

These are similar to (but somewhat simpler than) the closed string expressions of |3^, |3l|| . 
The exponential in ( |G.ll ) thus becomes 

The term J^ijki'4'^0^'il^^6^ drops out because J-ijki is symmetric in its indices. Doing the 
Gaussian integrals over A and ij), turns this in 



V,9,-n,Q°^Vs5,-n^ = R,^fl (G.13) 
VidjU^ Q"^ VkdiUp =: Tiju (symm. in ijkl) (G.14) 



'1^ 



(det5,j)-Met(i?,^^.^e^^') (G.16) 

which is equal to 

*'det(i?f/^'^'). (G.17) 



This can be combined with the measure in ( |G.8D to produce 

7r"e"^*'deti2 (G.18) 

where R is the curvature 2-form 

r\ = ^R'r.jdz^ A dzK (G.19) 

We are almost ready to write down our final result. A final step is to do a modular 



transformation on the l/rj^ factor in ( |G.8D : 



' (/)^/2^-^. (G.20) 



Putting everything together, and noting that x = ^2 + 2, we get (in the continuous flux / 
small (p^ approximation): 

^BH - 0° \. / ^deti? (G.21) 



M 
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where 



X{M) := [ -^detR. (G.23) 
Alternatively 

^{P,q)-X{M) f dcjxlP e-'^^'^-'i e^^^^^^^\ (G.24) 



To get to ( p.22| ) we used the small (fP approximation to the r/- function and x = P^ + C2{X)- 
P (the terms dropped are exponentially suppressed). Formally (G.23) is exactly the Euler 



characteristic of the divisor moduli space A^, but there might be some subtleties since the 
metric on ^A has singularities. Note that although this is a natural result for counting 
critical points of on A^, it is not trivial: while it is true that the Euler characteristic 
counts the number of zeros of a section of the cotangent bundle, diW does not give such a 
section because W is not single valued on M (due to monodromies acting on the fluxes). 
Indeed, for some fluxes there will be no critical points at all, for example fluxes Poincare 
dual to 2-cycles which are trivial on X, and which moreover satisfy > 0, cannot satisfy 
^pC:^) _ Q anywhere in moduli space. Again all this has a close analog for JIB closed string 
flux vacua, where the analogous index is / det(i? + wl) The differ ence comes 



from the fact that the relevant covariant derivatives in the closed string case involve an 
additional dK connection piece, whose curvature is the Kahler form to. 

The moduli space for very ample divisors P is simply M = CP^^^^, with Ip : = 
^ + ^j^- If the "differential Euler characteristic" ( |G.23|) equals the topological Euler 
characteristic, we thus have 

X{M) = xiCF'^"') = Ip. (G.25) 

The results obtained in the bulk of this paper support this assumption. (It might be 
possible to prove that x{M.) = Ip directly using the estimates in We have not 

attempted to do so.) 



The result obtained here is in agreement with ( 2.54| ). The sum over S is absent here; 



including it is equivalent to extending the integration contour for <I> to the entire imaginary 
axis in ( G.24 ). However, since the saddle point of ( |G.24| ) lies at 



c^f = -ciPD^^qB. (G.27) 

we see that in the large go limit at fixed qA and p"^, (p^ and ij)^ become small, and therefore 
the contributions from the extension of the integration contour or equivalently the S'-shifted 



terms in (2.54) are actually exponentially suppressed in the regime of interest here. Hence 



they can be dropped consistent with our approximations. 
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